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Abstract

In recent decades, diffuse interface methods have become popu-
lar for the simulation of multi-material flows. They consider regions
where the materials may be artificially mixed and interfaces are then
considered as diffuse zones. In this document, a cell-centered indirect
arbitrary Lagrangian-FEulerian diffuse interface strategy is presented
for solving 3D multi-material equations. The use of a compressive
limiter enables to prevent excessive numerical diffusion during the
remapping step. It also allows the same treatment for pure and mixed
cells, the same framework for dispersed or separated phases, robust
multi-material simulations and easy multiphysics extensions. To ad-
dress the discrete total energy conservation issue, the total kinetic en-
ergy is remapped to correct the material internal energies. It is proved
that the correction terms are positive thus enforcing thermodynamics
consistency. Last but not least, stiff multi-material test cases, involv-
ing fluids with highly contrasted equations of states are carried out,
demonstrating the robustness of the overall numerical strategy.
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1 Introduction

Multi-material flows are complex and ubiquitous phenomena in nature and
industry. In many applications, material interfaces are treated as discon-
tinuities since their widths are substantially smaller than the macroscopic
length scales. Over the past decades, the numerical simulation of these in-
terfaces has been extensively studied by the community and various models
and numerical approaches have been proposed. Two distinct strategies have
emerged. The first category, referred to as sharp interface methods, deals
with clearly separated materials and the interface corresponds to the bound-
ary between them. Here no mixing between materials is allowed. The second
category, referred to as diffuse interface methods, considers areas in which
the materials may artificially mix with each other. Interfaces are then seen
as diffused zones. This last strategy, has become popular over the past few
decades. Several factors can be cited to explain this popularity. Firstly, since
the material interfaces are allowed to spread over a certain width, geometrical
technicalities are alleviated. This leeway enables to bypass the unpleasant
3D geometrical interfaces reconstruction step. Secondly, additional physical
modeling such as surface tension, drag force, capillarity among others [19]
can be incorporated more naturally. Thirdly, the development of efficient
anti-diffusive methods [6, 47, 48] combined with an increased computational
power, largely contributed in reducing the natural numerical smearing of the
material interfaces. We refer to [49, 39, 3, 42, 33] and the references therein
for more details on diffuse interface strategies.

Regarding the modeling aspects, several approaches cohabit within the
diffuse interface framework. The variations are mainly due to the degree of
refinement selected. In general, it follows the number of equations used to
model the multi-material flow. For example, four-equation models simply
consider a transport equation to model the interface advection in addition
to mixture equations (i.e., equations on the average density, momentum and
energy of the mixture). It should be emphasized that material densities and
internal energies are not available in this case. Alternatively, a much more ac-
curate description of the mixture is reached by working with seven-equations
models [9]. In this instance all material variables are accessible (density,
momentum, internal energy and volume fraction of each material). Unfortu-
nately, the numerical discretisation of such models can be challenging. For
example, the thermodynamics aspects (material entropy dissipation) at the
discrete level are often omitted, while being crucial in some applications.



Five-equation models constitute a balance between the two aforementioned
models, providing a physical sound modeling without losing too much sim-
plicity. In this framework, all material thermodynamic states are available
(sometimes implicitly) but only the mixture velocity is defined. Inside the
five-equation model category, various models exist [4, 43]. They all coincide
on the mixture momentum and energy as well as material mass equations
while differences are observed on the material internal energies, densities,
volume fractions, pressures or entropies.

The starting point of this paper is a five-equation model which may be
obtained thanks to a conditional averaging procedure [30, 37, 20]. This model
is isentropic for each material since all the fluctuation terms obtained from
the averaging procedure are dropped. This model may then be seen as a
backbone model on which additional physical terms may be added depend-
ing on the applications investigated. In the present document we focus on
the equal strain closure which assumes that the material volumic fractions
stay constant during the Lagrangian phase. In this case, all materials are
compressed or expanded with the same rate. This assumption is attractive
since it is numerically simple and is relevant enough for various multiphase
applications [12]. Some limitations should be pointed out since when working
with contrasted equations of state (e.g. air and water) a strong non-physical
pressure decoupling may appear in mixed cells. This decoupling may be
problematic in some applications resulting in a crash of the code. For these
reasons the equal pressure assumption is sometimes privileged, we refer to
[7] in which this point has been investigated in details.

On the numerical side, the numerical strategy presented in this document
lies in the class of arbitrary Lagrangian-Eulerian (ALE) method [11, 28, 31].
Usually, ALE algorithms are organised in two groups. The first one, referred
in the literature as “direct ALE” considers the resolution of the flows equa-
tions moving on an arbitrary mesh. With this approach the transport terms
are directly taken into account. The second one, known as “Lagrangian plus
Remapping” or indirect ALE methods is the one we consider in the present
document. With this approach, an explicit Lagrangian phase is solved in
which the mesh follows the fluid velocity. This Lagrangian formalism is
particularly adapted for multi-material flows since interfaces are captured ex-
actly. However, if the flow encounters large deformations, the mesh quality is
in general strongly affected with possible mesh entanglement. In this frame-
work, a mesh regularisation procedure is needed with the desire to modify
the node positions to improve the overall mesh quality. Of course, the nu-



merical solutions should be remapped on this regular mesh. This last stage
is critical especially when working with multi-material flows and must be
carefully addressed [40]. This overall “Lagrangian plus Remapping” strategy
is particularly efficient since the remapping phase on a regular mesh ensures
the robustness of the method while keeping some attractive feature of the
Lagrangian step. In addition, this formalism greatly eases the control of the
material entropy dissipation since the thermodynamics aspects are separated
from the transport part.

Over the last decades, various numerical methods have been designed to
solve the Lagrangian hydrodynamic equations. We do not intend to review
them all in this introduction. We restrict ourself to mention the most popu-
lar ones. Among them are the “staggered schemes” in which the kinematic
variables (nodes velocity and nodes position) are computed at the nodes
while the thermodynamics quantities are evaluated at the center of the cells.
Starting from the pioneer works [54, 55] various extensions have been made
over the years [14, 36] and are used today in diverse engineer applications.
A second popular class of numerical methods is the “cell-centered finite vol-
ume schemes”. The schemes are based on the pioneer work of Godunov
[26] and consider cell-centered quantities. In this case, the nodes velocities
are obtained from a nodal solver. Over the years, various multi-directional
extensions have been proposed [22, 38| with various accuracy enhancement
methods [13, 15, 29]. It should also be mentioned that finite element meth-
ods are largely investigated for solving Lagrangian hydrodynamics equations
23, 50].

Along the indirect ALE methodology, the regularization step is a delicate
one. While the objective is to increase the overall mesh quality, one also
would like to maintain some interesting Lagrangian features. In the present
work, the mesh regularisation procedure presented in detail in [27] is directly
used. The regularisation step is not the original part, so we will not review
all the regularisation algorithm found in the literature. For the interested
reader, we simply refer to some of the most popular ones [56, 57, 35, 34].

The 3D multi-material remapping step is explained carefully in this doc-
ument in which a 3D sweeping technique is used extensively. Introduced in
[41], this strategy is popular since the expensive intersections between two
3D meshes are not required. Seen as a compatibility exercice, this method
boils down to compute the volume integral of a new cell starting from the
integral of the old cell plus the contributions of the swept regions by the
displacement of the cell faces. This sweeping approach is favored over the
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cell-intersection based method which can be expensive in this 3D setting [53].

The present work may be seen as a general extension of two previous
studies [27, 7]. More exactly, the numerical study presented starts from [27]
in which it has been shown that the ideas presented in [32, 59], may be used
inside a 3D hydrodynamics code, to perform reliable regularization steps.
In addition, the remapping step uses extensively the geometrical splitting
procedure of the Lagrangian phase thus ensuring the compactness of the
overall algorithm. The multi-material aspects were not addressed at all.
On the contrary in [7], some multi-material aspects have been investigated.
To be more specific, a cell-centered Lagrangian scheme has been presented
for a multi-material model with equal pressure assumption. Nonetheless,
only first order numerical strategies were investigated for the Lagrangian and
remapping steps. Moreover, the study was restricted to 1D-2D geometries,
mesh regularisation aspects were not addressed and no numerical treatment
was proposed to deal with the natural smearing of the material interfaces.

In our opinion, the originality of this work stems from multiple factors.
Firstly, the present document considers material interfaces as diffuse areas
in which materials may artificially mix with each other. As aforementioned,
this diffuse interface strategy recently gained popularity since the inherent
numerical smearing of the interfaces can be largely mitigated by anti-diffusive
techniques [49, 39, 47, 48]. On this point, the use of a compressive limiter
is presented to prevent an excessive numerical diffusion during the material
volume fractions remapping. This strategy is developed because of its sim-
plicity. This can be contrasted with the complexity of intersection-based 3D
multi-material remapping, such as presented in [1], which combines 3D in-
terface reconstructions, a surrogate volume approach to ensure conservation
properties and flux-corrected remapping to ensure convexity of the remap-
ping. Furthermore, it allows the same treatment for pure and mixed cells,
the same framework for dispersed or separated phases, robust multi-material
simulations and easy multiphysics extensions. It should be stated that, even
if the compressive limiters largely mitigate the diffusion of the material in-
terfaces, for coarse meshes the numerical results obtained are still diffused.
In addition, it should be mentioned that for any mesh refinement (coarse
or refined), geometry interface reconstruction based strategies are more ac-
curate than diffused interface methods. Therefore, in this document, it is
investigated if the diffuse interface approach can be used as an interesting
compromise between accuracy (by limiting the numerical smearing) and sim-
plicity (compared to interfaces reconstruction strategies).



Secondly, the remapping procedure presented consists in remapping the
material internal energies. This point is sensitive since a naive remapping
does not enforce the discrete total energy conservation. To tackle this issue,
the total kinetic energy is also remapped to correct the material internal en-
ergies. To be more specific, the correction strategy presented in [21, 2] is used
in this cell-centered framework, it enables the discrete energy conservation
and it is proved that the material internal energies corrections are positive
thus enforcing a correct thermodynamics consistency. We also mention that
an internal energy formulation has been chosen for the multi-material La-
grangian step. At first order, this approach is equivalent to the strategy
proposed in [12], this point is discussed in this paper.

Finally, stiff multi-material test cases are investigated. Some of the multi-
material studies found in the literature restrict themselves to materials de-
scribed by perfect gas equation of state for which only the polytropic index
of gas varies. In this case, there is no stiffness due to material compressibility
difference. Numerical tests involving fluids with contrasted equations of state
(e.g. air and water) are presented. This demonstrates the robustness of the
overall numerical strategy.

The present work should be put into perspective with several existing
works found in the literature on 3D multi-material ALE aspects. We mention
the code ALEGRA [46] developed at Sandia National Laboratories. In the
framework of cell-centered Lagrangian scheme, we mention [18], in which a 3D
cell-centered numerical scheme is used in combination with a Flux-Corrected-
Transport (FCT) remap for the simulation of multiphase flows. In this work
an interface-aware subscale closure model and a multi-material remap strat-
egy are used. We also mention [5] where the simulation of 3D multi-material
ALE hydrodynamics is studied based on high-order finite elements. More
recently, in [53] conservative interpolation of multi-material fields, free of
mesh-mesh intersections, have been proposed and used to perform effective
remapping step in a multi-material Arbitrary Lagrangian-Eulerian code.

The document is organized as follows. Firstly, the overall governing equa-
tions are presented and the multi-materials aspects are recalled. In a second
section, the 3D multi-material Lagrangian step is discussed. The numerical
discretisation of the internal energy formulation is detailed. In particular, the
procedure to arbitrarily distribute the total entropy production between the
materials is described. The differences with the numerical strategy presented
in [12] are also highlighted. In a third part, the 3D multi-material remapping
is provided. The 3D sweeping procedure combined with the use of a compres-
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sive limiter technique is introduced. This strategy enables to considerably
limit the numerical smearing of the material interfaces. Moreover, remap-
ping the total kinetic energy enables to correct the material internal energies
to enforce the discrete total energy conservation. This section is concluded
by proving that this correction ensures the positiveness of the material in-
ternal energies. Finally, numerous 3D multi-material test cases are carried
out to assess the behavior of the overall numerical method. This last section
starts with two pure remapping tests to assess the behavior of the compres-
sive limiters. Then fully 3D multi-material tests are presented. This section
is concluded with stiff multi-materials tests involving fluids with contrasted
equations of state (e.g. air and water). This demonstrates the robustness of
the proposed strategy:.

2 Governing equations

A mixture made of an arbitrary number of materials is considered. The
volume fraction of material k is denoted by o* and its density by p*. Inside a
given volume V where a mass m”* of material k& occupies a volume V¥, these
quantities are defined as follows

of — % pk _ m_k
788 Vk
The total density of the mixture denoted p is defined as

m k k
p=—= a”pt.
Vo2

Similarly, specific internal energy of material k is denoted e. Likewise, a
specific internal energy for the mixture denoted e is defined as

me — E mkek.
k

Each material &k has its own pressure denoted p* and entropy n*. The quan-
tities p¥, ¥ and p* are related to each other through an equation of state
p(pk, e¥). Finally, the characteristic times at which material velocities relax
to a common value are assumed to be significantly smaller than the char-
acteristic times of observation. Therefore, only one common velocity V is
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considered. Equations are written in terms of Lagrangian time derivatives
which are defined by

d 0

at ot
The model is written for an arbitrary number of materials, each one of them
being described by its own equation of state. The equations of state are
arbitrary, provided they fulfill some standard thermodynamics constraints
such as concavity of the entropy and having a real speed of sound. The
present model writes

d (1

k k

- -V.-V
apdt<a’“p’“) VeV

V.V

d

_‘/:_

d d (1
k k@ Kk k ok ok
arpoe &ppdt<pk>'

These equations are obtained thanks to a conditional averaging procedure
introduced in [30] and summarized in [37] for non-miscible materials and in
[20] for general mixtures. More precisely, starting from a single material Eu-
ler equations with discontinuous thermodynamic properties, these equations
undergo a material-conditional averaging procedure which allows specific ma-
terial quantities to be defined. All fluctuations appearing in the averaging
procedure are then neglected and, as such, the model is naturally isentropic
for each material. The internal energy equation of material k£ corresponds to
Gibbs identity det = —p*d(1/p*) + T*dn* with dn* = 0 where n* denotes the
entropy associated to material k. In the following, the closure we consider is
the so-called equal strain assumption [11] whereby all materials are assumed
to experience the same volume deformation

1d 1d,
)= —pf=vV.V
P at” ok dt
As detailed in [24], combination of the previous equations yields
d i

This last equation is often introduced as a transport equation in Euler for-
malism 5

a(o/€)+V~vo/€:o.
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The density equation may be simplified and writes

d (1
k k _ ok
apdt<pk>—a V-V,

while the internal energy evolution equation reads

d
akpk%ek = —a"pFVv -V,
and the total pressure p = ), a*p¥. The closed model is hyperbolic with

the speed of sound a of the mixture given as follows

This resulting model is widely used for the simulation of multi-material flows
[12]. It should be point out that although if it is quite relevant for mixtures
of similar materials, it may become unrealistic when dealing with contrasted
equations of state. We refer to [7] where this point has been investigated and
a cell-centered numerical scheme has been proposed for an equal pressure
model. It should be noticed that with the updated Lagrangian formalism,
the mesh moves with the fluid velocity. When considering practical appli-
cations this last point is critical and may often lead the mesh quality to
be strongly reduced. In this case, the use of a regularization procedure be-
comes mandatory. Standard rezoning strategies use the positions of the nodes
moved during the Lagrangian phase to build a new regularized grid. Finally,
a remapping procedure is applied to remap all the conservative quantities
onto the new grid.

3 3D multi-material Lagrangian scheme

3.1 Notations

In this section, the notations introduced in [25] are followed. The computa-
tional domain denoted w(t) is paved with non-overlapping polyhedrons writ-
ten w, such that w(t) = |J,we. A polyhedron is defined as a volume bounded
by polygonal faces. It should be noticed that in this 3D context, the faces
may not be planar. The definitions of outward normal and area are thus
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not straightforward. In [25], the cells are subdivided by adding one point
p} for each face. This choice enables to prove the GCL property for the 3D
Lagrangian phase (discrete compatibility relation between mass conservation
and mesh geometry) and enforces a correct discrete symmetry preservation
of the flow. The triangles created by the face splitting are denoted ¢,. For
completeness, we recall all the notations used

- P(c) is the set of nodes p of cell ¢ without the nodes o
- F(ec,p) is the set of faces f of cell ¢ and sharing point p,
- C(p) is the set of cells ¢ sharing node p,

- T (c) is the set of all the triangles ¢, resulting from the splitting of the
faces of cell c,

- T(c, f) is the set of triangles ¢, resulting from the splitting of the face
f of cell c,

- T(c, f,p) is the set of triangles ¢, resulting from the splitting of the
face f of cell ¢ and sharing point p.

Concerning the cell variables, the approach is that of a finite volume scheme.
For physical quantities ¢F € {1/(a¥p*),1/p*, ¥} related to a material k and
a cell ¢, one thus defines the averaged quantities over the cell by

1
mff :/ oFpFdv, (blj: —k/ oFpFpdu,
We mC We
1
mc:/ pdv, VC:—/ pVdv.
We mc We

Defining these averaged quantities prepares for the use of Reynold’s transport
theorem which is used extensively the next section.

3.2 Numerical schemes

The multi-material Lagrangian scheme presented in this section extends the
ideas presented in [27, 7] to the 3D multi-material settings. We point out that
contrarily to [12] the internal energies are computed directly instead of solving
a total energy equation. This approach enforces the discrete conservation
of momentum and total energy while the semi-discrete entropy dissipation
property is obtained for each material.
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3.2.1 Total volume and momentum equations

Regarding the discretization of the mass and momentum equations, no sig-
nificant changes are made from the usual Eucclhyd scheme [38]. The mass
conservation equation, averaged over a Lagrangian cell, gives

d 1
Cdt (algp];) - Owe s = A (1>

peP(c) fEF(c,p)

where the index ¢ denotes that the quantity has been mass averaged over the
considered cell. For the momentum conservation, Green’s formula simply

leads to
dV,
Me 0 :—/&J‘pnds:— Z Z SptPefpNips.
¢ pEP(c) fFEF(c,p)

The nodal fluxes P, and V, are remaining unknowns to be determined.
Following [25] in order to ensure a positive entropy production, the pressure
jumps may be written in terms of the velocity jump as follow

Pcfp_pc:Zc(‘/c_‘/p)'npfu (2>

where Z. = (pa). defines the acoustic impedance inside cell ¢, p the density of
the mixture and a the mixture speed of sound. Considering the total momen-
tum and energy conservation [38], the nodal velocity V, may be computed
by imposing a momentum balance around the node p. In this case, the node
velocity V,, is defined by

M,V, = B), (3)

where

M, = Z Z M fp, Mepp = SprZe (Tps @ Mpg)
c€C(p) fEF (c,p)

B, = Z Z Spf [pcnpf + Ze (npr @ myp) Vel

ceC(p) fEF(c,p)

Recall that the matrix M, is positive definite thus invertible therefore the
nodal velocity is easily computed. For completeness, we recall the definition
of the face area vector s, m,s

1
SpfMf = 3 Z M, + Z

t»,»ET(Qf,p) trET C f) p7

Str ntr Y (4>
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and refer to [25] for its importance in enforcing the GCL condition. In this
last equation, N, ¢ is the number of nodes on the face f, n;, the unit outward
normal on the triangle ¢, and the term s,sn,; is called face area vector and
may be seen as the contribution of face f to the corner area vector [22] where
the corner area vector writes n, = > FeF(cp) SpfMpf-

3.2.2 DMaterial internal energy equations

A naive discretization of the internal energy equation would consist in con-

sidering .
7/nlcgaec = _&cplg Z Z SPfV RLUTE
PEP(c) FEF(c,p)

However, when comparing this discretization with the standard single ma-
terial scheme, one understands that some numerical dissipation needs to be
added in order to stabilize the scheme. This numerical dissipation physically
translates into entropy production so that the non-isentropic equations for
each material £ must be considered

d d
D DD R A R
peP(c) fE€F (c,p)

In this equation, the discretization of the last term needs to be specified to
enforce the chosen numerical viscosity for each material. The conservation
equation of the total internal energy >, o pFe¥ must be discretized according
to the single material scheme (usual semi-discrete internal energy equation
in the monomaterial case)

dk
Zk:mcdetc:_ Z Z SpfPep(Vy — Vo) -y,

peP(c) fFEF(c,p)

= —P¢ Z Z Spr npf + Z Z V ‘/c cfp (‘/p - ‘/c) )

pEP(c) fEF (c,p) pEP(c) fE€F (c,p)

which gives

Z/ ka n*dv = — Z Z (VC_V;»)TMcfp(VC—Vp).

peP(c) fEF(c.p)
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The total entropy production now needs to be shared between materials
through coefficients A* > 0 such that >, A¥ = 1. The material discrete
numerical viscosity is then written

d
[ o o =N | Y (Ve V) My, (V- V)
e pEP(c) fEF (cp)

==Y > (V.-V)'M, (V.- V),

peP(c) fEF(c.p)

with
Mcfp = MM,

Concerning the choice of the coefficients \* we adapt the ideas presented in
[16] to this context. For our test cases, we chose A\* as the volume fraction
of material k. Of course, other choices can be made to select the contribu-
tion of each material in the total entropy dissipation [8]. Finally, the space
discretization of the material internal energy evolution equations writes

d k
m?%: a.p ](j Z Z Spr npf+ Z Z V V Mcfp(v V)

pEP(c) fEF (c;p) pEP(c) fEF (c,p) ( 5)

= —oF Z Z Spf fpV Vi) - myyp,

peP(c) feF(c,p)

where

Py = ik + Ze (Vo= V) -y

C

In practice, second order extensions are used. The methodology considered
to reach a second order space accuracy is exactly the one presented in [25].
We refer to this work and the references therein for a complete study on this
subject. Concerning the time integration of the scheme, a direct predictor-
corrector strategy is used. The resulting scheme is conservative with respect
to momentum and total energy. In addition, similarly to [7], the semi-discrete
entropy dissipation property holds true for each material. The proofs of these
properties may be found in [7] and naturally extend in this 3D framework.

Remark. The difference with the strategy presented in [12] in now detailed.

In [12], the procedure to compute the new material internal energies is as
follows: first, the total energy evolution equation is solved. At this point,
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the total internal energy equation can be deduced by removing the kinetic
energy part (computed from the momentum equation). Secondly, the to-
tal entropy dissipation is computed and finally distributed according to the
volume fraction of each material as follows

d d d d
Y ko k k k
m'—e " +p"=V"=a" | m—e+p=-V]. 6

a” U a (dt pdt) (6)
Solving a discrete version of this last equation is convenient since starting
from a monomaterial code, only minor modifications are required. In addi-
tion, by using this last equation, the first order monomaterial scheme and
the equal strain assumption gives

d d
mff%e’i = —Ozf Z Z SpfPepp(Vy — V2) - Mg, —|—o/(f(pc — p’(f)avC7 (7)
pEP(c) fFEF(c,p)

where
Pepp=pe+Z. (Ve = V) - .

Finally, by using (1), one can show that (7) and (5) are equivalent at first
order. However, standard second order space extensions consider a linear
reconstruction of a field 1 over a cell ¢ and writes

Ye(x) = b + (Vw)c (- z.),

where 1,(x) is the extrapolated value at point , (V) is the gradient of
¥ in the cell ¢ and x. the cell barycenter (or the cell centroid), we refer
to [25] for more details. Pressure and velocity gradients are computed then
the extrapolated stated are injected into the definitions of F.f, and Pffp. In
this case, one understands that the two expressions do not coincide when
summing over the materials since in the general case the material pressure
gradients can be different from the total pressure gradient.

3.2.3 Time-discrete numerical scheme

The second order time discretisation follows the strategy presented in [25] in
which a Predictor-Corrector method is used. Starting from a discrete solu-
tion which is completely known at time ¢, the fully discrete scheme writes
as follows
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e Predictor step
The intermediate velocity V.V and material internal energies e are com-
puted as

v =v Z > syl

p€7’( feF(ep)

At
k(1) _ _kn kn v n+1/2
ec()— Z Z SfPCfp Vc( /))'npf’
PGP()fo( p)

where
kn _ ~k n [ ¥/ n n n no_ k pk.n
Pejp = Pe(@y) + Z: (V( p>_Vp> nye P, =) olPj,.
k
and the predictor intermediate Velocity is defined by

V(n+1/2 (Vn + V )

C

e Corrector step
Starting from the known predicted solution, the new velocity V"™ and ma-

terial internal energies "1 are computed from the initial and intermediate
solutions
At
+1 1) p) (1)
Vo=V Pyt + Spf L cfp"pf}

peP(c) feF(c,p)
kn n n
R D MDD [ L R
peP(C) feF(ep)
i (1)P (1 )(Vp(l) _ynz) n}();)}’

cfp
and the intermediate velocity (necessary for discrete energy conservation) is
defined by
1
‘/'cn+1/2 — 5 (‘/cn + ‘/cn-i-l) )
It should be mentioned that this time discretisation strategy doubles the
computation time (compared to the standard forward Euler scheme). To

address this issue the one-step Generalized-Riemann-Problem (GRP) inte-
gration procedure can be preferred [25].
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4 ALE aspects and multi-material remapping

In this section a detailed presentation of the multi-material remapping step
is provided. Since the regularisation procedure used in the next section
follows exactly the one presented in [27], these aspects are put in Appendix.
This multi-material remapping strategy relies extensively on the 3D sweeping
procedure and a compressive limiter technique is introduced. These ideas,
inspired by [52, 45, 60|, enables to limit the numerical diffusion of the volume
fraction. In addition, adapting the ideas presented in [21, 2] for staggered
schemes, it is shown that the material internal energies may be corrected to
enforce the discrete total energy conservation. Finally, it is proved that this
correction enforces the positiveness of the material internal energies.

4.1 3D multi-material face sweeping strategy

The methodology presented in [41, 27] is now extended to the 3D multi-
material context. A naive approach consists in following the strategy used
in [27] including the multi-material variables. Consider ¢ a given variable
defined on a collection of non-overlapping polygons {c}, this variable is com-
puted on a new collection of cells denoted {¢}. More precisely, given the
variable 1) on the collection {c¢} we aim to compute

%:%/ﬂd”'

where V: is the volume of the new cell ¢. In this multi-material context
the material masses, specific internal energies, volume as well as the total
momentum must be remapped. Consequently, we choose 1 in the set

b € {oFpk; ok afpbek; pVY.

The volume V; of the new cell ¢ is obtained from the volume V, of cell ¢ plus
the summation of the volumes (which are signed quantities) of the swept
regions during the displacement of each triangle associated with a face (the
triangles are obtained by the splitting of the cell faces). The swept region,
starting from a cell ¢ whose three constitutive points are denoted p, p™,
p*T, to the regularized one ¢, is denoted Py, p+ p++1 (see Figure 1 in blue).
The volume associated with this region is denoted V (P, p+ pt+3). The new
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++

Figure 1: Representation of the swept region in blue, starting from an old

triangle (formed by the points {p, p™, p**}) to the new one

volume Vz can thus be expressed as follows
(P{p7p+,p++})-

Vi=V.+ >

{p,pT,pTT}€T(c)

The computation of the new variable 1); is then obtained by the following

relation
1
= | fodo+ / ®
¢ P{p pt, p++}

{p,pT, p++}€T
where the last integral in the right-hand side in this last equation corresponds
to the contribution to the flux of the swept region. Following [27] these
integrals are computed using piecewise-linear reconstructions and a standard

upwind strategy as follows
Yo+ (x) dv  if V(P{p7p+,p++}) > 0,

Pip, ot p++}
if V(P{p7p+7p++}) < 0,

/ Ydv =
Pip,pt,pt+} / wC(CC) dv
Pip,pt, oty

where ¢ and ¢ represent the two neighboring Lagrangian cells that share the

triangle {p, p*, p™*} and ¢.(x) and ¢+ (x) are their respective reconstruc-
tions of ¢. Piecewise-linear reconstructions of the variables on the Lagrangian
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grid are considered. It is a standard procedure and has been extensively used
in [24, 25]. The solution is sought under the form

Ye(@) = e + (V) - (& — ), (9)

where 1. represents the known mean value in the cell and (V) a gradi-
ent of the quantity v in cell ¢. This gradient is computed using a least
square procedure (we refer to [25] for the details). Finally, a standard Barth-
Jespersen slope limiter approach is used to enforce the monotonicity of the
reconstructed solution [10]. This point is developed in details in the next
section.

4.2 Diffuse interfaces and compressive limiters

Contrarily to [24], in the present work we deal with interfaces as diffuse areas
in which materials may artificially mix with each other. In the literature
such methods are referred as diffuse interface methods. This category gained
popularity since the inherent numerical smearing of the interfaces can be
largely mitigated by anti-diffusive methods [6, 47, 48]. This last point is the
focus of this section in which an anti-diffusive method based on compressive
limiters is presented.

The linear reconstruction (9) may create non-physical extrema if the gra-
dients are too steep. This result in numerical oscillations affecting the stabil-
ity of the overall numerical scheme. In practice, to remove these unwanted
oscillations the gradient terms are limited by considering a monotonicity cri-
terion. Standard limiting strategy consists in applying a limiting scalar factor
ke € [0,1] to the gradient term so that the limited reconstructed value lies
in range of the neighboring cell averaged valued. The limiting reconstructed
value then writes

V() = e+ ke (V) - (x — ),

with
Y <P (@) <P, x € w, (10)
where ¢™" and ¢™* corresponds to the minimum and maximum values

of the scalar field ¢ in the neighboring of cell ¢. In this work the face-
based stencil is considered for the neighborhood of ¢. Since linear fields are
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considered here, the extremum values are reached at the boundary of the cell
i.e. at the cell nodes

¢£mn § wé@m(wp) S wgna:c) o= We,

The limiting coefficient computation needs now to be defined. The mono-
tonicity criterion (10) leads to the well-known Barth-Jespersen limiter [10].
In this case the limiter coefficient s, writes

Ke = min (kep),

pEP(c)
where )
min (f(wp—)__‘i 1> it do(z,) > Ve,
e,p — mar __ - 11
e, - (W 1> it () < e, (11)
\1 if @Ec(mp) = wm

This limiting strategy is applied for all the remapped quantities except for
the material volume fraction. As a matter of fact, with this remapping proce-
dure, the volume fraction will be diffused, resulting in a numerical smearing
of the mixing zone between the different materials. In the spirit of [52], we
propose to use a compressive limiter only for the material volume fraction
remapping in order to obtain a more accurate representation of the discon-
tinuities between the different materials considered. The idea consists in
modifying the Barth-Jespersen limiter formula to sharpen the volume frac-
tion field, which is initially piecewise constant. Standard Barth-Jespersen
limiter requires the reconstruction to remain between the local minima and
maxima of neighboring cells. To ensure that the reconstruction is exact for
linear solutions on an admissible mesh, ., must be equal to 1. In practise,
in order to avoid spurious oscillations, k., is taken smaller or equal to 1 by
using formula (11).

At this point, to accurately reproduce a discontinuity, the standard lim-
iter is modified to be compressive. To achieve this purpose, following the
ideas presented in [52, 45], the preservation property of the linear field is
dropped and the definition of k., is modified by introducing a parameter
B € [1,+00[ to control the compressive feature of the limiter. The local
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maximum principle is still enforced and the following definition is used

min (%, ﬂ) if lﬁc(wp) > wm

Kep = ' 77Z}max ¢c ) .
min (m, ﬂ) if wc(wp) < z/167
\ﬂ lf ﬁc(wp) = Q/}c‘

In practice the compressive limiter is set to f = 2 on all material volume
fractions while the classical limiter with 8 = 1 is used on the others remapped
variables. The choice § = 2 allows to recover a compressive behavior simi-
larly as the well-known 1D Superbee limiter [17, 45]. One should point out
that this modification of the standard limiter strategy is particularly simple
since almost no modification is required nor additional computational cost.
In addition, the remapping strategy used for pure or mixed cells is identical.
In the numerical test section, the impact of this compressive limiter is inves-
tigated. The theoretical computational cost remains unchanged whether the
compressive limiter is applied or not, as no additional computations such as
geometric operations are required. In practice, it is observed that the overall
simulation time is unaffected, and there is no impact on the numerical time
step for the test cases presented in the numerical tests section.

4.3 Enforcing total discrete energy conservation

The remapping procedure presented considers the remapping of total mo-
mentum and material internal energy are remapped so that, by denoting
with a tilde symbol the remapped quantities we have

Z (mV), = Z (mV), Z (mkek)c = Z (mkek)e'

c ¢ c c

However, it should be noticed that since the quantity V2 is not remapped,
thus the total kinetic energy in the domain varies

2 mVZ
Z mv?) ¢22 e

¢

More precisely, the total remapped kinetic energy in the domain is differ-
ent from the total kinetic energy computed from the remapped mass and
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momentum. This has serious consequence since the discrete total energy
conservation is not enforced. This conservation issue may be addressed by
adapting the procedure presented [21, 2] to this cell-centered approach. A
first naive idea would consist in remapping the total energy and then correct
the remapped internal energy accordingly. Unfortunately, this approach does
not enforce the internal energy positiveness. A far better solution consists in
remapping the kinetic energy mV?/2 and to evaluate the difference between
the remapped kinetic energy and the one computed from the remapped mass
and momentum. This quantity may then be used to modify the remapped
material internal energy in each cell as follows

corrected mlf 1 1 (mV %
(m"e"). = (m*e"): + me (5 (mV?), — 5( me)c> '
It is easy to show that these new definitions of material internal energies en-
able to enforce a total discrete energy conservation. In addition it is possible
to demonstrate, in the simplified case of a first order remapping, that the
correction term remains positive. To explain why this statement holds true,
the idea presented in [27] can be applied to the correction term. For clarity,
a simplified case is considered where only a triangle on a face has moved dur-
ing the Lagrangian face. This idea may be extended in a more general case.
For coherence with the previous notations, this triangle is denoted by its
constitutive points p, p™, p**. In this simplified setting equation (8) rewrites

Vewezv;wc+/ v,

Pio, o+, pt+y

where

Ve=V.+ V('P{p,p-s-’p-s--k}).

In the case of a first order remapping this last equation can be rewritten as
follows

(Vc + V(P{p7p+,p++})) Yz = (VC + V- ('P{p’pﬂp++})) ¢C+V+('P{p7p+7p++})1/1c+,

where we have introduced the notation V* = 1 (V £|V|). A key point
is to note that the first order remap simplifies to a straightforward linear
interpolation between two states

o V. + V_(P{p7p+7p++})
Vet V+<P{p7p+,p++}) + V_(P{p,pﬂp“}).

¢E:9¢c+(1_e)wc+a 0
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Consequently, since p; = mz/Vz the computation of the new specific internal
energy (computed from the remapped quantities) can be rearranged as follows

(ymvm 1<mv>2) €@+(1<pv2>5_1<pv>§),

2 mk 2 mFm; 2 pe 2 p?

¢

[SIR=~l

(ek) vforrected _ elg—l— m

C

¢

This last equation also rewrites

2
(ek)gorrected _ e’§ + 2Lp~ ((pv2)5 . (pV)E)

pe

=k o (0 (V) 1= 0) (V) - 0V + (1= 6) (V).

c c

1
=t + (Qpch +(1=0)p+ V2

2pe
LV 2001 - 0)(pV). - (Vs + (1 0)2(pV)%) )

Pe
oy L (0o =0Ope) 1o
=Gt 2pz ( PPz (V).
(PV)e - (pV ) et (pe — (1 = 0)pe+) 2
—20(1 - 0) . -0 (pV)C+>.

Finally by using the relation pz = 0p. + (1 — 0)p.+ one obtains the following
formulation of the corrected material internal energy

k\ corrected k
(6 )é =e+ 2
pe

(9(1—0)‘)65; (VC—VC+)2), 0cl0,1]. (12)

This last equation (12) demonstrates that the correction term keeps the pos-
itiveness of the remapped internal energy.

4.4 Time step control

The time step control follows [25] and is adapted to this ALE context. In
practice, the time to compute the solution at time ¢"*! starting from the
solution at time t" is chosen as

At" = min (C, AL}, C.AL!, C, A
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where C, = 0.45 (this value is the CFL default value and is specified de-
pending on the test case), C, = 0.1, C,, = 1.1 and At"™! corresponds to
the time step of the previous iteration (to compute the solution at time ¢"
starting from the solution at time ¢"~'). The first condition enforces a max-
imum variation of C, = 10% of the cell volume during the Lagrangian step

by setting
,UTL
At = mi ’
v mcln<|fawcvn'nds|> )

where the denominator in this last equation is defined by (1). The second
condition has been established in [25] to ensure the positivity of the internal
energy in a purely Lagrangian monomaterial case working with a perfect gas.
This condition is extended to this ALE framework by setting

At?=min< ~ Ufl >,
e \(ag [V 25 s

for the Lagrangian plus remapping time steps and the same condition with
VI = 0 for the pure Lagrangian ones. Finally, the last criterion simply en-
sures that the time step variation is not too steep during two time iterations

(here a 10% time step variation).

Remark. In this 3D context an efficient parallelization procedure is manda-
tory. The parallelism aspects are addressed with standard MPI domain de-
composition strategies. No particular design choices are made to address
parallelization issues. In practice, material and average quantities are syn-
chronized between processors corresponding to contiguous domains before
each Lagrangian and remapping steps.

5 Numerical test cases

The various test cases presented in this section are concerned with stiffened
gas and perfect gas equations of state. The stiffened gas equation of state (of
which the perfect gas equation of state is a specific case) writes as follows

p=(y—1)pe -,

The parameter 7 is homogeneous to a pressure and allows to take into account
attraction between molecules. The coefficient 7, is known as the polytropic
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index of the gas. The corresponding expression of the speed of sound reads

ag_ p+7r
P

When 7 = 0, the stiffened gas equation of state reduces to the well-known
perfect gas equation of state. We start this test section with two standard
tests to assess the compressive limiter methodology.

5.1 Pure remapping test: Zalesak’s disk case

This test is taken from [51] and consists in a simple advection test. The main
objective of this section is to study the behavior of the compressive limiter.
To achieve this, numerical results obtained with a standard second order
remapping are compared with those obtained from the compressive limiter
strategy. For this advection problem, a given velocity field is used to move
the mesh nodes (the Lagrangian step is skipped) and the volume fraction
profile is remapped onto the initial mesh.

A 2D space domain [0, 1] x [0, 1] is considered associated to a 2D velocity
field of the form V(z,y) = (0.5 — y,z — 0.5). A disk shaped volume fraction
with a small pocket is advected by this velocity field. More precisely, the
initial volume fraction is defined by

{1, if (lx—c||<RB) and (Jz—cs/>e or (y—c,)>1)
Oé(iL‘ ) y) =
0 elsewhere,

where x = (z,y), ¢ = (0.5,0.75) the space coordinates of the disk center and
R = 0.15 its radius, e = 0.025 the width of the pocket and | = 0.1 its height.
The initial profile is displayed in Figure 2. The initial volume fractions are set
by computing the distances between the cell barycenters and the disk center.
Depending if these distances are larger or smaller compared to the chosen
radius, the corresponding cell volume fractions are set to 0 or 1. Several
cartesian equidistant meshes are generated and the initial condition is set on
them. A constant time step of 1072 is used for all simulations.

The numerical results are presented in Figures 3 and 4 at time ¢t = 27
working with 128 x 128 and 256 x 256 cells. For both meshes, a direct com-
parison shows that the material interfaces at final time are much sharper
(volume fraction profiles are less diffused) when using the compressive lim-
iter strategy. These first results clearly demonstrate the interest in working
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with compressive limiters for remapping volume fraction. It also noticed
that for coarse meshes (here 128 x 128 cells), the volume fraction profiles
obtained with the compressive limiters strategy remains diffused (the mate-
rial interface is not completely sharp). Despite its compressive feature, the
compressive methodology does not compete with a geometry based interface
reconstruction strategy. As explained in introduction, for any mesh (coarse
or refined), interface reconstruction based strategy are always more accurate
than diffused interface methods. However, the compressive approach may be
seen as an attractive compromise between accuracy (by considerably limiting
the numerical smearing of the interfaces) and simplicity (compared to inter-
face reconstruction strategies). It is also mentioned that the simulations are
run by setting the initial material volume fractions to 0 or 1 with no need
to add a small amount of one of the materials everywhere. In addition, in
practise no overshoot (nor undershoot) is observed at the discontinuity since
the modified Barth-Jespersen formula enforces the local minima and maxima
by construction.

1.0e+00
— 0.8

—07
— 0.6

—05
—04

volumic_fraction

—03
— 02

0.0e+00

Figure 2: Representation of the initial volume fraction profile.

5.2 Pure remapping test: Kothe-Rider case

This text case is adapted from [58] and consists in a 3D advection test. The
methodology follows the one presented in the last test as the main objective
of this section is also to study the behavior of the compressive limiter. A
[0,1]® space domain is considered in which a sphere is set in a 3D velocity
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Figure 3: Numerical solution obtained for the second order remapping (left),
compressive limiter strategy (middle) with a 128 x 128 mesh (displayed on
the right picture).

Figure 4: Numerical solution obtained for the second order remapping (left),
compressive limiter strategy (middle) with a 256 x 256 mesh (displayed on
the right picture).

field defined by

0,
V(t,x,y,z2) = sin(mz) cos(mz) sin(ry)? cos(mt/t;),
— sin(7y) cos(my) sin(mz)? cos(mt /1),
with the final time ¢ty = 6. The sphere radius is chosen to & = 0.15 and
the center coordinates (0.5,0.5,0.75). The initial profile in the plane z = 0

is displayed in Figure 5. The initial volume fractions are set by computing
the distances between the cell barycenters and the sphere center. Depending
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if these distances are larger or smaller compared to the chosen radius, the
corresponding cell volume fractions are set to 0 or 1. A constant time step
of 1072 is used for all simulations. In Figure 6, for a 100 x 100 x 100 mesh,
the time evolution of iso-lines corresponding to the volume fraction a = 1 is
displayed. It is observed that for this test, the sphere (iso-lines corresponding
to the volume fraction o = 1) is first deformed by the velocity field then
recombines to come back on its initial position.

The standard second order remapping is compared with the compres-
sive limiter strategy. Several meshes have been used to study the numerical
smearing. The results are displayed in Figures 7-9 for different meshes. For
this test, despite the strong deformation, the initial sphere profile is sup-
posed to be recovered at the end of the simulation. Because of the strong
deformation, this test is relevant to study the numerical interfaces diffusion
and in particular the behavior of the compressive limiters. The comparisons
presented in Figures 7-9 clearly shows that the compressive limiters largely
mitigate the numerical diffusion of the material interfaces. Despite the sim-
plicity of the compressive strategy, the volume fraction profiles appear much
sharper than the second order remapping ones. This 3D test, also confirms
the observations made with the previous test. Indeed, it is noticed that for
coarse meshes (here the 25 x 25 x 25 and 50 x 50 x 50 meshes), the nu-
merical results obtained with the compressive limiters are still diffused. As
explained for the previous test, despite the compressive feature, the com-
pressive numerical strategy used does not compete with a geometry based
interface reconstruction strategy.

5.3 Taylor-Green vortex

In this section the Taylor-Green vortex [23] test case is presented. It is a
standard benchmark often used to assess the order of convergence of a nu-
merical method. It consists in the simulation of a 2D stationary vortex flow
on a domain (z,y,2) € [0,1]* initially filled with a perfect diatomic gas.
Symmetry boundary conditions are applied to all boundaries. The flow is
modelled by a divergence free velocity field V° defined as follows

VOz.y) = Oy ( sin(mz) Cos(wy)> |

— cos(mz) sin(my)
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Figure 5: Representation of the initial volume fraction profile (plan taken at
z=0).

where (] is a constant. The associated pressure field writes

1
PO(% y) = ZpOCf [COS (2mx) + cos (27y) ] + O,

where () is an integration constant. In addition a source is added to the
total energy evolution equation at eatch time step. It is defined as follows

S(z,y) = %5 _011 [ cos(3mz) cos(my) — cos(3my) cos(mz)].

The constants are chosen such that (p°, Cy,Cy) = (1,1,1). The accuracy or-
der of the Lagrangian scheme used in this document can be computed since
the solution is regular and an exact solution is available. This test case is
difficult for Lagrangian numerical methods since the mesh is distorted. In
Figure 10, the pressure fields obtained with the Lagrangian scheme is dis-
played at at time ¢t = 0.5 and ¢t = 0.7. Following [25] the order of convergence
is computed on the pressure field at time ¢t = 0.7 using an unlimited second
order procedure. This is only possible since the flow of the Taylor-Green Vor-
tex is smooth and no oscillations arises from a possible discontinuity. The
results are displayed in Figure 11. In Figure 11, the meshes used are denoted
n x n even if in practise n X n X 1 meshes have been used. In addition, &g,
and Op, denotes respectively the global error of convergence and the scheme
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accuracy order in L, norm. The errors are computed as follows

1 1
€L, = EZUC’APCL Er, = \/EZUC’APCP’ €ro = m?X’APC|’

where v, = )__ v, corresponds to the total volume of the domain while v,
is the volume of cell w.. In addition, AP, = PM™ — Peract ig the difference
in cell ¢ between the pressure obtained by the numerical approximation and
the exact value. The order of convergence O is computed with

 loa(g) — los(el,)
b Jog(Az®) — log(Az?)’

where &7 and 52p are respectively the L, errors computed on two meshes of

characteristic length Az® and Axz?.

5.4 Piston problem

To investigate the distribution of material entropy, a one-dimensional piston-
driven compression problem is considered. At the left boundary of the com-
putational domain, the fluid is compressed by a moving piston, which gener-
ates a right-propagating shock wave. The spatial domain is defined as [0, 1],
and the initial conditions are specified as

ol 0.9 a? 0.1
P! 1 p? 1
YlE=0)=|[14], Y (#=0)=|1.648 |,
p! 1 P’ 1
1% 0 1% 0

with a constant inflow velocity of V' = 2 enforced at the left boundary. Fig-
ure 12 presents the profiles of the quantities ap* (top left), a*p* (top right),
mkFe* (bottom left), and m*T*dn* (bottom right) at time ¢t = 0.2 for a uni-
form mesh of 100 cells. As expected, entropy variations are localized in the
vicinity of the shock front, located at x = 0.6 at this time. Furthermore, the
majority of entropy dissipation is observed in material 1, consistent with the
initially prescribed material volume fractions, which appear in the material
dissipation matrices. The magnitude and distribution of entropy dissipa-
tion are in quantitative agreement with theoretical expectations. Finally, a
wall-heating effect is observed near the left boundary, which is a well-known
artifact of Lagrangian schemes.
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5.5 Air-water shock tube

In this section a 1D simulation of a air-water shock tube in studied [52].
Because of the large compressibility difference between the fluids, this test
is challenging. It is interesting since the robustness of the scheme is tested
in addition to its ability to capture standard waves (rarefaction, shock, con-
tact) despite the stiffness of the problem. For this test an exact solution is
available.

The computational domain 2 = [0, 1] is filled with water (left side of the
domain) and air (right side of the domain). Stiffened gas equation of state
is used for the liquid while standard perfect gas closure is considered for the
gas. More precisely, the following initial conditions are used

- (10%,0,10,4.4,6 x 10*) if x <0.7,

(o, V.p 3, m) = (5,0,10%, 1.4, 0) clsewhere.

The final computation time is t/ = 240x 1075, a mesh of 1000 cells is used and
the CFL number is set to 0.9. Density, velocity and pressure numerical results
corresponding to time ¢/ = 240 x 1075 are displayed in Figures 13, 14 and 15.
The exact solution is displayed in blue. It is obtained by solving the exact
Riemann problem and can also be found in [52]. The exact solution involves a
rarefaction wave, a contact wave and a shock wave. The Lagrangian solution
(no remapping) is displayed in red while the Eulerian one (remapping at each
time iteration and compressive limiter activated 8 = 2) is in green.

It is observed that the Lagrangian and Eulerian strategies are both in
good agreement with the exact solution. On the zoomed solution pictures
(right column Figures) small overshoots and undershoots are observed for the
velocity and pressure. It is also noticed that the numerical results presented
in this document are similar to the ones obtained with explicit second order
version of the scheme presented in [52] (also given with 1000 cells).

5.6 Triple point test cases
5.6.1 2D multi-material triple point

The multi-material triple point problem in 2D planar geometry [12] is now
studied. This numerical test case is interesting in order to assess the robust-
ness of an ALE method. The initial computational domain is rectangular
and composed of three regions whose 2D dimensions are depicted in Figure
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16 with the associated initial conditions. Symmetry boundary conditions are
used for all boundaries. The initial grid consists in a 280 x 1 x 120 cartesian
mesh and the final time of the simulation is ¢ = 5.

A CFL number of 0.4 is used. For this simulation, the Lagrangian code
crashes after only few time iterations. Indeed, it is known that for this test,
the strong mesh deformation makes the Lagrangian approach particularly
unadapted. In Figure 17 and 18 the density and internal energy profiles
are displayed at time ¢ = 5 obtained with an Eulerian simulation (solution
remapped to the initial mesh at each time iteration). It is observed that the
overall structure is accurately captured with limited numerical dissipation at
the material interfaces. In Figure 19 and 20 the numerical results obtained
with the ALE strategy (here the regularisation procedure is run at each time
step) are presented. The results are similar to the one obtained by remapping
the solution on the initial mesh at each time step.

5.6.2 3D multi-material triple point

In this section a 3D version of the previous 2D triple point problem is pre-
sented. While this test case seems similar to the previous one, it is a real 3D
configuration (the previous could be run with a 2D code). The only differ-
ence comes from the initial geometry of the third material which now occupy
half of the domain in the depth direction which is now three. In Figures 21,
22 and 23 the density, internal energy profiles and volume fraction profile (of
material 1) are displayed at time ¢ = 5 for a 140 x 60 x 60 mesh. Finally, the
results of an ALE simulation are presented in Figure 24 where the density
and internal energy profiles are displayed working with a 3D moving mesh
made of 70 x 30 x 30 cells. The main objective is to show that the numerical
strategy can naturally be used for moving mesh simulations. The rezoning
procedure is performed every 5-time iteration (after 5 Lagrangian steps) and
only 1 rezoning step is used (1 iteration in the regularisation process). The
moving ALE mesh obtained at final time is also displayed in Figure 25.

5.7 Air-Helium shock/bubble interaction test
5.7.1 Cylindrical bubble

The interaction of a shock travelling through the air with a spherical bubble
of Helium is studied [44]. To this goal, a rectangular domain of dimensions
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[—0.13,0.7] x [0,0.0445] initially full of Air characterized by (p',p',~!) =
(1.4,10°,1.4) is considered. This domain also contains a spherical bubble of
Helium (p?,p%,7?) = (0.25463,10°,1.648) modeled by a half disc centered
in (0,0.0445) of radius 0.025 as depicted on Figure 26 (left picture). Wall
boundary conditions are respectively chosen for the left and top boundaries.
A piston-like condition is imposed to the right one for an incoming velocity
equal to V* = (u*,0) . The horizontal velocity u* is computed thanks to
Rankine-Hugoniot conditions and is given by u* = —105.4956563679. The
air after the shock is characterized by (p?, p*, v3) = (1.92691, 1.5698-105, 1.4).
A CFL number of 0.4 is used. The mesh used consists of 1600 x 320 x 1 cells.
When the shock impacts the Helium gas, the cylinder is deformed.

The final density results are presented in Figure 26 (right picture). Schlieren
profiles (density gradient profiles) are often displayed for this test. They are
presented in Figures 27 and 28. These figures are obtained by directly using
a post-processing tool to compute the density gradient profiles starting from
the density results [52, 44]. It is observed that the material interfaces are
accurately captured at all times. It is also remarked on the Schlieren profile
figures that some waves are reflected on the input and output boundaries
(right and left boundaries). This is due to the initial conditions which are
enforced on these boundaries at all times. For this test, Kelvin-Helmholtz
type instabilities develop at the interface between the two gases. It is ob-
served that the scheme is able to reproduce the large scale and finer flow
structures, while maintaining a sharp interface throughout the simulation.

5.7.2 Spherical bubble

In this section a 3D version of the previous 2D air-helium problem is pre-
sented. While this test case seems similar to the previous one, it is now a
real 3D configuration (the previous could be run with a 2D code). The space
domain is now [—0.13,0.7] x [0, 0.0445] x [0, 0.0445]. The mesh used consists
of 400 x 80 x 80 cells. The final time is ¢ = 674 - 1075, The only differ-
ence with the previous test comes from the initial geometry since a spherical
geometrical shape is used for the bubble. In Figures 29 and 30 the density
and volume fraction profiles are displayed at initial times. In Figure 31 the
volume fraction profiles are displayed at different times. For this test, the
numerical results obtained with different mesh refinements are also given in
Figure 32 using the compressive limiter (5 = 2 on the left column) and no
compressive limiter (right column). Even if the interfaces are diffused (espe-
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cially for the coarser meshes), for each mesh, the impact of the compressive
limiter is clearly observed with a sharper interface when using the limiter.
This demonstrates the interest of strategy presented. Finally, the results of
an ALE simulation are also given in Figure 33 where the volume fraction
profile is displayed working with a 3D moving mesh made of 200 x 40 x 40
cells. For this simulation, the rezoning procedure is performed every 5-time
iteration (after 5 Lagrangian steps) with 5 rezoning steps (5 iterations in
the regularisation process). The moving ALE mesh obtained at final time is
displayed in Figure 34.

6 Conclusion

A cell-centered indirect Arbitrary Lagrangian-FEulerian diffuse interface strat-
egy has been presented for solving a 3D multi-material model. It has been
shown that the internal energy formulation, chosen for the multi-material
Lagrangian step, enables to control each material entropy production. An
anti-diffusive limiter has been used to prevent an excessive numerical dif-
fusion during the material volume fractions remapping. This strategy has
been detailed because of its simplicity (compared to standard 3D geometri-
cal based interface reconstructions. The numerical test cases presented show
that this approach constitutes an attractive compromise between accuracy
(by limiting the numerical smearing of the material interfaces) and simplicity.
To address the discrete total energy conservation issue, following [21, 2| the
total kinetic energy is remapped to correct the material internal energies. It
has then been proved that the material internal energies corrections are posi-
tive thus enforcing thermodynamics consistency. Finally, stiff multi-material
test cases are investigated. Tests involving fluids with contrasted equations
of state have been presented. This demonstrates the robustness of the overall
numerical strategy. Various perspectives can be considered. In a near future,
extensions to model multi-material configurations involving hypoelastic and
hyperelastic materials will be investigated.
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Regularization step

In this Appendix, the regularization method presented in [27] and used here
is recalled. This approach is inspired by the Line-Sweeping regularization
method described in [59]. The Line-Sweeping regularization method consists
in a local iterative geometrical process. More precisely, each node is moved
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according to the position of its neighbors. As explained in [27], this regulari-
sation method is limited to block-structured meshes. Now, since the work is
devoted to 3D block-structured meshes, the indexes (i, j, k) are introduced
to represent the three dimensions of space. A 2D stencil is a set of nodes
obtained when one dimension index is i, j or k fixed. A 1D stencil is a set of
nodes obtained if two dimensions indexes (1, j), (i, k) or (j, k) are fixed. This
procedure is followed to extend the 1D method to multi-dimensional stencils.

For a given 1D stencil, the regularized position (new point coordinates)
computed at iteration m + 1 of a given node x!* (displayed in blue in Figure
35), the new node position is fixed "™ (displayed in red) at equal distance
from the neighboring nodes ;" | and 7}, while following the geometry of the
initial stencil. More precisely, after computing the length {"™ of the branch
(here the cell-index 7 is omitted in the length notations for more clarity)

M=l = el et 1 = e -2

the regularized point position 27"

point” is then defined as follows

(new point position) named “equal-space-

m i
m+1 m i
! = <=’E“ + 761) Opipy + (“"Hl * 762> o<y

where we define

m m m m

Ly =Ty Ty Ty
€1 = m m |’ € = m m |’
|z — x| |} _5’3¢+1|

with the following notations

. m m : m m
5. _J1 if & <[ 5 _ )1 if =5 <y .
{45 <ih} 0 otherwise 7 <k} 0 otherwise

It should be stressed that the new computed point has the advantage to be
located on the initial geometry of the stencil. It is not the case if considering
with a simple arithmetic average of the nodes =", and xj},. This simple
but key idea enables to work with complex geometries (cylindrical geometry
for example).

At this point, the regularization iteration index m are droped for clarity.
In the case of a 2D stencil, each triplet of points forms a 1D stencil and
may be used to compute a new point position fixed at equal distance from
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the neighboring nodes. This new point is called the “equal-space-point” of
the 1D stencil. In both directions of the 2D stencil six points can thus be
computed. They are respectively denoted x;_;, ®;, ;41 in one direction
and x,_1, ®p Ty in the other. These new points form two 1D stencils
denoted {x;_1,x;, €;+1} and {xy_1, Tk, 411} They are displayed in Figure
36. Again, two new points &, and &;, are computed as the equal-space-point
of the stencils {x;_1,x;, x;41} and {xy_1, T, xx11}. The final equal-space-
point x in a 2D stencil is simply computed as the arithmetic average of ;
and x; as displayed in Figure 37. This method naturally extends in 3D since
each direction owns three 2D stencils. For each direction, three 2D-equal-
space-points method are applied. We refer to [27, 32] for more details and
mesh regularisation applications.
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Figure 6: Illustration of the numerical volume fraction (iso-line corresponding
to the volume fraction aw = 1) at various times (starting from left to right and
top to bottom) for a 100 x 100 x 100 mesh. The final profile (time ¢; = 6) is

displayed in bottom middle) and compared to the initial one (top left).
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Figure 7: Numerical solution obtained for the second order remapping (left),
compressive limiter strategy (middle) with a 25 x 25 x 25 mesh (displayed
on the right picture). Plan z = 0.

Figure 8: Numerical solution obtained for the second order remapping (left),
compressive limiter strategy (middle) with a 50 x 50 x 50 mesh (displayed
on the right picture). Plan z = 0.

Figure 9: Numerical solution obtained for the second order remapping (left),
compressive limiter strategy (middle) with a 100 x 100 x 100 mesh (displayed
on the right picture). Plan z = 0.
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Figure 10: Pressure profiles obtained with the Lagrangian scheme working
with a 20 x 20 x 1 mesh at time ¢t = 0.5 (left) and final time ¢ = 0.7 (right).

Mesh 5L1 OLl ng OL2 SLOO OL
20 x 20 | 2.97-107* - 3.79-1072 - 1.02-1071 -
40 x40 | 1.54-1072]0.94 | 1.82-1072 | 1.05 | 3.86- 1072 | 1.40
80 x 80 | 4.49-107% | 1.78 | 5.43-1073 | 1.75 | 1.16 - 1072 | 1.73

160 x 160 | 1.10-1073 [ 2.03 | 1.38-1073 | 1.98 | 4.27- 1073 | 1.45
320 x 320 | 2.80-107% | 1.97 | 3.44-107* | 2.00 | 1.33-1073 | 1.68

o0

Figure 11: Table of convergence of the pressure field at final time t = 0.7
obtained with the Lagrangian scheme (no limitation).
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Figure 12: Piston test: profiles of the quantities a*p* (top left), o*p* (top
right), m*e® (bottom left), and m*T*dn* (bottom right) at time t = 0.2,
computed on a mesh of 100 cells.

45



Density

Velocity

Pressure

1000 T T T
800~ —
600 — —
400 — -
| |— Exact solution ]
— - Eulerian
200 L Lagrangian |
0 L | | L | ™
0 0,2 0,4 0,6 0,8

Figure 13: Density profiles obtained
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at time ¢ = 240 - 10~¢ with 1000 cells.
Zoomed density profiles are displayed on the right picture.
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Figure 14: Velocity profiles obtained at time ¢ = 240 - 10~% with 1000 cells.
Zoomed velocity profiles are displayed on the right picture.
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Figure 15: Pressure profiles obtained at time ¢ = 240 - 1075 with 1000 cells.
Zoomed pressure profiles are displayed on the right picture.
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Figure 16: 2D triple point layout and associated initial conditions.
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Figure 17: Density profiles obtained with an Eulerian simulation (the solution
is remapped onto the initial mesh at each time iteration) in the case of a mesh
made of 280 x120x 1 cells at time ¢ = 5. The mesh is displayed on the bottom

Figure.
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Figure 18: Internal energy profiles obtained with an Eulerian simulation (the
solution is remapped onto the initial mesh at each time iteration) in the case
of a mesh made of 280 x 120 x 1 cells at time ¢ = 5. The mesh is displayed

on the bottom Figure.
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Figure 19: Density profiles obtained with 280 x 120 x 1 cells at time t = 5

for an ALE simulation (for this simulation the regularisation procedure is
applied at each time step). The mesh is displayed on the bottom Figure.

2.9e+00
[ 25

—2
-
o
D
=
—15 3,
E
=1
05
2.5e-01

Figure 20: Internal energy profiles obtained with 280 x 120 x 1 cells at time
t = 5 for an ALE simulation (for this simulation the regularisation procedure
is applied at each time step). The mesh is displayed on the bottom Figure.
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Figure 21: Density profile obtained with 140 x 60 x 60 cells at time ¢t = 5 for
an (indirect) Euler simulation. The mesh is displayed on the right Figure.
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Figure 22: Internal energy profile obtained with 140 x 60 x 60 cells at time
t =5 for an (indirect) Euler simulation. The mesh is displayed on the right
Figure.
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Figure 23: Volume fraction profile obtained with 140 x 60 x 60 cells at time
t =5 for an (indirect) Euler simulation. The mesh is displayed on the right
Figure.
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Figure 24: Density (left) and internal energy (right) profiles obtained with a

70 x 30 x 30 moving mesh (ALE simulation).
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Figure 25: Representation of the final mesh obtained with a 70 x 30 x 30
moving mesh (ALE simulation). A mesh view of the (z, z) plan at final time

is displayed on the right Figure.
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Figure 26: Density profiles at initial time and at final time ¢ = 674 -1076. A
mesh of 1600 x 320 cells is used for this (indirect) Euler simulation.
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Figure 27: Schlieren profile displayed at initial time.
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Figure 28: Schlieren profiles obtained at times ¢t = 67 - 1075, 134 - 107%,202 -
1076,270-1075,337-1075,404-107%,472-107%,539-107%,607-107¢,674 - 10°
(starting from left to right and top to bottom). A mesh of 1600 x 320 cells
is used for this (indirect) Euler simulation.
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Figure 29: Density profile at initial time and at final time ¢ = 674 - 1075. A
mesh of 400 x 80 x 80 cells is used for this (indirect) Euler simulation.
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Figure 30: Volume fraction profile at initial time. [006 +00
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Figure 31: Volume fraction profiles obtained at times t = 67 - 1076,134 -
1075,202 - 107%,270 - 107,337 - 109,404 - 1075,472 - 107,539 - 107,607 -
1075,674 - 107% (starting from left to right and top to bottom). A mesh of
400 x 80 x 80 cells is used for this (indirect) Euler simulation.
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Figure 32: Volume fraction profiles obtained at final time ¢ = 640 - 10~ with
Euler simulations using 50 x 10 x 10 cells (top), 100 x 20 x 20 cells (middle),
200 x 40 x 40 cells (bottom) using the compressible limiter (left) and no
compressive limiter (right).
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Figure 33: Volume fraction (right) profiles obtained at time ¢ = 640 - 1076
working with a 200 x 40 x 40 moving mesh (ALE simulation).

Figure 34: Representation of the final mesh obtained with a 200 x 40 x 40
moving mesh (ALE simulation). A mesh view of the (z, z) plan at final time
is displayed on the right Figure.
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Figure 35: Regularization of a 1D stencil (1D equal-space-point method).
The new node position "' (red) is fixed at equal distance from the neigh-

boring nodes x;" ; and x}}; while following the geometry of the initial stencil.
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Figure 36: Regularization of a 2D stencil. Step 1: green and red points
correspond to 1D equal-space-points in both directions. Two 1D stencils
(one per direction) are then created.

Figure 37: Regularization of a 2D stencil. Step 2: green and red points
respectively denoted x; and @), correspond to each equal-space-point associ-
ated to each 1D stencil. The final regularization point x is computed with
an arithmetic mean.
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