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Abstract

In the present work, the Lagrange-Remap strategy proposed in
[21] is extended to multi-material fluid-solid simulations. Both hypo-
elastic and hyper-elastic material models are considered to describe
the mechanical behavior of the solids. In practice, the deviatoric stress
tensor (for hypo-elastic materials) and the left Cauchy-Green tensor
(for isotropic hyper-elastic materials) are remapped, while the use of
compressive limiters effectively reduces numerical diffusion during the
remapping step. The simplicity of this diffuse interface approach is
emphasized in the context of multi-material fluid-solid simulations. A
series of Lagrange-Remap test cases, involving both solids and fluids,
are conducted and compared with reference Lagrangian simulations,
demonstrating the robustness and accuracy of the overall numerical
strategy.

Key words: Hypo-elastic and hyper-elastic materials, multi-material sim-
ulations, diffuse interface methods, compressive limiters, Lagrange-Remap
schemes.

1 Introduction

The simulation of the dynamic behavior of materials is of considerable
interest in both natural phenomena and industrial applications. Histori-
cally, the dynamics of solids have been primarily modeled using the Finite
Element Method (FEM). However, since the pioneering contributions of
Wilkins [44] and Godunov [18], Finite Volume Lagrangian schemes have
also been developed for solid dynamics. The updated Lagrangian frame-
work is particularly well-suited for the simulation of deformable solids, as
the computational mesh moves with the material and allows the natural
tracking of free-surface boundaries as well as the multi-material interfaces.
Two main approaches are commonly found in the literature to describe the
behavior of elastic materials under large deformations: the hypoelastic and
hyperelastic models.
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The hypoelastic framework, introduced by Wilkins [44], formulates an
additional evolution equation for the deviatoric (spherical) part of the Cauchy
stress tensor, while the volumetric response, corresponding to the hydrody-
namic pressure, is determined through an equation of state. The additional
evolution equation must employ a non-standard derivative operator of the
deviatoric stress tensor in order to guarantee the property of frame indif-
ference. This requirement, also referred to as objectivity in the literature,
ensures that the material response is independent of the chosen frame of
reference. In practice, this means that the physical behavior of the solid re-
mains unaffected by rigid body motions. The hypoelastic approach is known
to present several drawbacks. First, the choice of the objective stress rate
is not unique. In practice, the Jaumann rate is often adopted, but alterna-
tive formulations (e.g., Green-Naghdi or Truesdell rates) can also be used,
and this choice may affect the computed evolution of the deviatoric stress
tensor. Moreover, a fundamental limitation of hypoelastic models is that
they may generate entropy even in reversible processes, which contradicts
the principles of thermodynamics. Despite its known drawbacks, the hy-
poelastic approach remains widely used in practice. In particular, several
works [8, 26, 37] have proposed solving the hypoelastic model within the
framework of cell-centered Finite Volume Lagrangian schemes, which natu-
rally accommodate the treatment of large deformations and multi-material
interactions.

The hyperelastic approach was proposed in [18] and naturally ensures
the frame-indifference and the thermodynamic consistency by construction.
Here the Cauchy stress tensor is defined as the derivative of the free energy
with respect to the deformation and is not subject to the theoretical draw-
backs of the hypoelastic model. In [25], it is proposed to extend the GLACE
scheme to the hyperelasticity system at first order in two-dimensions. The
hyperelastic approach inherently satisfies both frame-indifference and ther-
modynamic consistency [22]. In this framework, the Cauchy stress tensor
is derived directly from the material’s free energy as a function of the de-
formation, thereby avoiding the theoretical limitations associated with the
hypoelastic model. Extensions of cell-centered Lagrangian schemes to hy-
perelastic materials have been proposed, for instance in [6], in which the
work presented in [25] is extended to the three-dimensional EUCCLHYD
scheme.

The present study addresses both hypoelastic and hyperelastic models
within the context of multi-material fluid-solid simulations. Such multi-
material configurations are ubiquitous in nature or engineering applications
and pose significant computational challenges. Over the past decades, the
numerical simulation of material interfaces has been the subject of exten-
sive research, leading to the development of various strategies. Two main
approaches have emerged. The first, commonly referred to in the litera-
ture as sharp interface methods, treats materials as being immiscible, and



separated by an interface. The second category, known as diffuse interface
methods, allows artificial mixing between materials within transition zones,
so that interfaces are represented as smeared regions. This latter approach
has gained significant popularity in recent years. This growing popularity
can be explained by the fact that, since material interfaces are allowed to
spread over a finite width, many of the geometrical complexities associated
with sharp interface tracking are alleviated. Furthermore, the development
of efficient anti-diffusive techniques, combined with the steady increase in
computational power, has significantly reduced the natural numerical smear-
ing inherent to diffuse interface approaches. For a comprehensive overview of
diffuse interface strategies, we refer the reader to [38, 28] and the references
therein.

In the present work, material interfaces are considered as diffuse regions
where different materials may artificially mix. To limit excessive numer-
ical diffusion during the remapping of material volume fractions, a com-
pressive limiter is employed. This choice is motivated by the simplicity of
the approach. It should be emphasized, however, that although compres-
sive limiters significantly reduce interface smearing, the results obtained on
coarse meshes remain diffused. Moreover, for any level of mesh refinement,
interface reconstruction methods based on geometrical approaches remain
more accurate than diffuse interface techniques. The diffuse interface strat-
egy is therefore adopted here as a compromise, offering a balance between
accuracy through the mitigation of numerical diffusion and simplicity rela-
tive to the complexity of interface reconstruction methods [4]. Concerning
the treatment of the mixed cells, the equal strain closure is adopted here.
It assumes that the material volumic fractions stay constant during the La-
grangian phase. In this case, it is supposed that all materials are compressed
or expanded with the same rate. The main advantage of this closure lies in
its numerical simplicity, while still providing sufficiently accurate results for
a wide range of multiphase applications [4]. Nevertheless, this assumption
has important limitations: when dealing with materials governed by highly
contrasted equations of state (e.g., air and water), a strong non-physical
pressure decoupling may occur within mixed cells. A detailed analysis of
this issue is provided in [30].

On the numerical side, the strategy adopted in this work belongs to the
class of “Lagrangian plus Remapping” methods, also referred to as indi-
rect Euler approaches. In this framework, the explicit Lagrangian phase is
first solved, during which the computational mesh moves with the fluid or
solid velocity. This formulation is particularly well suited for multi-material
simulations, as material interfaces are followed exactly. However, when
strong deformations occur, the mesh quality can quickly deteriorate, po-
tentially leading to mesh tangling. To overcome this difficulty, the solution
is remapped at the end of each Lagrangian step onto the initial mesh. This
last stage is critical when working with multi-material flows and must be



carefully addressed. Overall, the Lagrangian plus Remapping approach has
proven highly effective for multiphase flow simulations and has gained wide
popularity in the community [4, 2, 14].

We do not aim to review the numerous numerical methods developed for
Lagrangian hydrodynamics in this introduction, as comprehensive surveys
can easily be found in the literature. In this work, we adopt a cell-centered
Lagrangian finite volume scheme. This class of methods, rooted in the pio-
neering work of Godunov [19], relies on cell-centered quantities. The nodal
velocities are obtained through a nodal solver, and several multidimensional
extensions have been proposed over the years [13, 27]. The multi-material
remapping step employed here is based on a sweeping technique. Origi-
nally introduced in [31], this approach has become popular because it avoids
the costly computation of intersections between meshes (exact remapping).
Conceptually, the method can be viewed as a compatibility exercise: the
volume integral of a new cell is obtained from the volume integral of the
old cell, augmented by the contributions of the regions swept by the dis-
placement of the cell faces. In addition, the remapping procedure adopted
in this work considers the remapping of the material internal energies. This
step is delicate, as a straightforward remapping does not guarantee discrete
conservation of the total energy. To address this issue, the total kinetic
energy is also remapped and subsequently used to correct the material in-
ternal energies. More precisely, we employ the correction strategy proposed
in [12], which ensures discrete total energy conservation. Furthermore, it
can be shown that the resulting corrections to the material internal energies
remain positive, thereby preserving thermodynamic consistency.

Several related contributions can be found in the scientific literature on
this topic. In particular, in [9] interface-aware subscale closure model was
proposed together with a multi-material remapping strategy for simulat-
ing compressible hydrodynamic problems within the cell-centered Lagrange-
Remap framework. The Volume of Fluid method is employed to capture ma-
terial interfaces, and a range of multi-material problems, including both gas
and solid dynamics, are considered. In addition, in [15], a Lagrange-Remap
method was proposed for interface flows with an arbitrary number of com-
pressible components. Their approach extends the classical two-material
five-equation model to a multi-component framework. In order to mitigate
the excessive numerical diffusion of material interfaces, an anti-dissipative
projection step is presented. In [43], the remapping stage of the Lagrange-
Remap method is reformulated to improve computational efficiency while
retaining robustness for multimaterial flow simulations.

In the present work, the Lagrange-Remap strategy introduced in [21]
is extended to the context of multi-material fluid-solid simulations. More
precisely, both hypo-elastic and hyper-elastic constitutive models are incor-
porated to describe the mechanical response of solids. A particular atten-
tion is devoted to the remapping stage, which plays a critical role in the



accuracy of such approaches. In this context, compressive limiters are in-
troduced to reduce numerical diffusion at material interfaces. While these
techniques are widely used in fluid dynamics, their application to coupled
fluid-solid configurations remains uncommon and is assessed in the present
study. A remapping of the variables associated with solid behavior is per-
formed, including the deviatoric stress tensor in the hypoelastic case and
the left Cauchy-Green tensor in the hyperelastic case. Special care is taken
in the projection of energy variables to ensure discrete total energy con-
servation during the remapping step. Furthermore, systematic numerical
comparisons are carried out against reference Lagrangian simulations, pro-
viding a consistent validation of the proposed methodology.

The document is organized as follows. Section 2 introduces the governing
equations for solid mechanics together with their extension to multi-material
configurations. Section 3 presents the multi-material Lagrangian scheme,
with particular emphasis on the discretization of the material internal energy
formulation. Section 4 discusses the multi-material remapping procedure,
including the sweeping algorithm and the use of compressive limiters to
mitigate numerical diffusion. Finally, Section 5 reports several fluid-solid
test cases that are performed to evaluate the accuracy and robustness of the
proposed numerical strategy.

2 Governing equations

The behavior of an elastic material can be described by a system of con-
servation laws, formulated in terms of the Euler equations coupled with a
Cauchy stress tensor T [29]. The stress tensor T is symmetric, i.e., T = T¢,
where the index ¢ denotes the matrix transposition. Let p denote the mass
density of the solid, V its velocity vector, and F its specific total energy.
In the updated Lagrangian framework, the governing system of equations

takes the form
d (1
i (5) =77

d

—V=-V.T
pdt )
d
SE=-V.(TV

with the material time derivative notation

d 0
L= () +V V().

The governing equations correspond respectively to the conservation of mass,
momentum, and specific total energy. The specific internal energy € is given



by
1
e=E-JV.V.

The trajectory equation which provides the position of a point of the domain
with respect to time writes

dx

b, v

dt ’
x(t=0)=X.

In this equation, X is the position of point x(t) at initial time ¢ = 0. Finally,
to close the system, constitutive relations must be provided to relate the
thermodynamic variables to the Cauchy stress tensor T. These relations
need to be specified.

Pure hydrodynamics model
In the case of a pure hydrodynamic model, the Cauchy stress tensor sim-
ply reduces to its hydrostatic component, represented by the pressure p.
Specifically, the stress tensor takes the form

T=-—pld,

where Id denotes the identity tensor and p is the hydrodynamic pressure. In
the present work, the fluids used in the numerical tests section are restricted
to the ideal (perfect) gas regime. The associated equation of state is given
by

p=(y—1)pe,

where «v > 1 is the polytropic index of the gas. The corresponding speed of
sound a writes

2 _ P

a“ = ~y-.

p

Hypo-elasticity model

In the context of a hypo-elastic modeling of elastic materials, the Cauchy
stress tensor T is decomposed into a hydrostatic and a deviatoric components

T=-pld+S§,

where p denotes the hydrodynamic pressure and S represents the deviatoric
(traceless) part of the stress tensor. The equation of state governing the
hydrostatic component is specified by relating the pressure to the density
and the specific internal energy

p= p(p,e’;‘).

The evolution of the deviatoric stress tensor S for an elastic, perfectly plastic
material is governed by an incremental constitutive law. To formulate this



evolution equation, the strain-rate tensor D is introduced. It is defined as
the symmetric part of the velocity gradient

D= % (vv + (VV)T) .

The time evolution of S is governed by a Wilkins-type constitutive relation
[44]

ds

o =21(Dy — D) — (SW — WS), 1)

where p is known as the shear modulus, Dy is the deviatoric part of the
strain-rate tensor, and D, represents the plastic part of the strain rate. The
deviatoric strain rate is defined as

1
Do =D — 5 tr(D)Id,

where tr(-) denotes the trace operator. The antisymmetric part of the ve-
locity gradient, known as the spin tensor, is defined by

W = % (vv - (VV)T) .

The combination of the time derivative and the rotational terms in equation
(1) constitutes the Jaumann derivative, which ensures objectivity [22]. The
plastic behavior is constrained by the von Mises yield criterion and expressed
thanks to the yield function

fyield —_ \/Sig — \/gi/b < 07

where Y[ denotes the yield strength of the material, assumed constant for
perfectly plastic behavior. The plastic strain rate is expressed as

Dp = x (Np : D) N, (2)

where

denotes the plastic flow direction [22]. Throughout this work, it is assumed
that S # 0 whenever the plastic flow direction N, is defined. In equation
(2), the parameter y acts as a switching function that governs the onset of
plastic deformation and is defined as

0 if ( field 0) orif ( ¥ = gand (N, : B) < o) :
T w (fyield - o) and (N, : B) > 0.



For more details on plasticity aspects we refer to [26, 39]. In the numerical
tests section, the behavior of the materials used follow a Mie-Griineisen
equation of state. In this case, for a given specific internal energy e and
specific volume V' = 1/p, the pressure is expressed as

__ 1 a(%-V) 2
2\Vo—s(Vo—V)
where Vp = 1/pp is the specific volume of the unstressed material. The
parameters ag and s are material constants and define the empirical linear

relation between the shock velocity Uy and the particle velocity u, as Us =
ap + sup [32]. The Griineisen parameter I'(V') is defined as

Op %
V) <85>V OVb’

where I'y denotes the Griineisen parameter at reference conditions

()
e ) y_y,

The second equality is an empirical relation that assumes the Griineisen
parameter varies linearly with the specific volume [40]. Following [26], in
order to ease the numerical implementation the equation of state is recast
in terms of the density and internal energy

agh-V)  T(V)

A N LA

Y

p(p;€) = poagf (1) + poLoe,
with the dimensionless compression ratio n = p/pg and

(n—1)[n—To(T —1)/2]
(n—sn—-1)2

For a general equation of state of the form p = p(p, €), the isentropic sound

speed a is defined by
op p (0p
2_ (9P L et
‘ <8p>g+_p2<8€ )

Applying this to the Mie-Griineisen equation of state yields

_nt+(-Ton—1)
(n—s(n—1))°

Finally, the longitudinal sound speed is defined as

f(n) =

T

2 2 g 0op . /
a*=ajf'(n)+ —=, with f'(n
0 () P07]2 ()

4
(aL)Z — a2 + g(aT)Q’



where the transverse sound speed is given by

with p denoting the shear modulus of the material.

Hyper-elasticity model (case of isotropic materials)
In the case of a modeling of isotropic hyper-elastic materials, the system
of conservation laws is augmented by a geometrical evolution equation that
governs the time evolution of the left Cauchy-Green deformation tensor de-
noted B. This tensor is defined as

B = FF”,
where F is the deformation gradient. The evolution of B is given by the
following equation [29, 23, 42]

dB
— =(VV)B+E (vv)T.

In order to close the system of equations, a constitutive relation must be
introduced to relate the thermodynamic variables to the Cauchy stress ten-
sor T. According to the representation theorem [42], the free energy can be
expressed as a scalar function of the three principal invariants of the tensor
B as well as the temperature

Y =1 (i1(B), i2(B), 13(B), 0),
where 6 denotes the temperature and the invariants of B are given by
i1(B)
(B) = 5 [tr(B)? — t(B2)]
i3(B) = det(B).

tx(B),
1

It is assumed that the free energy 1 can be decomposed additively into a
volumetric and a isochoric (shear) contribution [23]

U (J,B,0) =y (J,0) + s (i1(B),i2(B), 0) ,

where J = y/det(B) denotes the Jacobian determinant of the deformation
gradient and B = J~2/3B is the isochoric part of the left Cauchy-Green
tensor B. The invariants of the normalized tensor B are related to those of
B as follows

i1(B) = J /iy (B),
in(B) = J 3 iy(B),
i3(B) = 1.



Finally, the Cauchy stress tensor T is computed from the free energy through

the relation [33]
o
T=2p| = | B
’ (aﬁ%)e |

which, upon substituting the additive energy decomposition, leads to the
expression [33]

T=pJ (851?)9“ +2p [(8%@))91&0 - <8?21(p1%%))6 (B_l)o} ’

where By denotes the deviatoric part of B, defined as

By— B — %m(@)m.

The Cauchy stress tensor can finally be decomposed into its hydrostatic and
deviatoric components

_ (9% _ o (0%
p(J,0) = pJ<8J)0— P <ap>g

i -u(25) 1-(25), )

In the present document a compressible Neo-Hookean model is selected.
This model is one of the simplest yet effective models for hyperelastic solids.
In this case, the free energy is defined by

Yoln) = o |7 = 17+ (log)°]
Us(ia(B),n) = 57 [i1(B) - 3],

where p and A are the Lamé coefficients, and x = /\+%  is the bulk modulus.
Computing the derivative of the above expressions yields the following form
for the pressure and deviatoric stress

p:_g (J—1)+10g}‘])}, S=§<B—;tr(1@)1d)-

Finally, the mechanical properties of materials are often characterized by
the Young modulus E, the Poisson ratio v, and the shear modulus p (also
referred to as the second Lamé coefficient). These parameters are related
through the following expressions

E Ev

HEaxy AT Oxwa—m)

10



where A denotes the first Lamé coefficient. The longitudinal sound speed is
defined as

(aL)2 — (I2 + g(aT)Q’

where the bulk (acoustic) and the transverse sound speeds are defined by

Multi-material aspects
A mixture made of an arbitrary number of materials is considered. The
volume fraction of material k is denoted by o and its density by p*. Inside
a given volume V where a mass m* of material k occupies a volume V*,
these quantities are defined as follows

The total density of the mixture denoted p is defined as
_m_ k k

Similarly, specific internal energy of material k is denoted £*. Likewise, a
specific internal energy for the mixture denoted ¢ is defined as

me = E mkak.
k

Each material k has its own pressure p¥, Cauchy tensor T and entropy nF.
The quantities p¥, ¥ and p* are related to each other through an equation of
state p¥(p*, €F). Finally, the characteristic times at which material velocities
relax to a common value are assumed to be significantly smaller than the
characteristic times of observation such that all materials share the same
velocity.

FEqual strain assumption model
In the following, the so-called equal strain assumption [4] is studied. Here, all
constituent materials are assumed to undergo the same volume deformation.
Therefore, under this assumption the volume fractions o of the materials
are constant in time p
k
dt (O‘ ) =0

The material density evolution equation writes

d (1
k k _ kv,
apdt(p’“) "'V -V,

11



and the internal energy evolution equation for each material k£ reads
d
o/“pk—sk = —afTF . VV.
dt
The total pressure and Cauchy stress tensor of the mixture are defined as

p=>_opf,  T=> ofTh
k k

This formulation leads to a hyperbolic system, where the speed of sound a
in the mixture is expressed as

m mF mk
CL2 _ Z 7(ak)2 _ (aL)Q + (aT)2 _ Z W(CLk,L)Z + Z H<ak,T)27
k k k
where
(ak)Z — (ak,L)Z + (ak,T)2'

Here, a® and a” denote the longitudinal and transverse sound speeds of
the mixture, respectively, while a®* and a*T correspond to the longitudinal
and transverse sound speeds of material k. This model is widely used for
the simulation of multi-material flows [5]. However, it is noticed that while
this closure is well-suited for mixtures of similar materials, it may become
inaccurate when the constituents possess significantly different equations
of state. This limitation is discussed in [30], where an alternative equal-
pressure model is proposed. In practice, the procedure to compute the
new material internal energies is as follows: first, the total energy evolution
equation is solved. At this point, the total internal energy equation can
be deduced by removing the kinetic energy part (computed from the mo-
mentum equation). Secondly, the total entropy dissipation is computed and
distributed according to the volume fraction of each material as follows

mF (Tdn)* = ofm (Tdn), & pF (Tdn)* = p(Tdn).

This yields the following relation for the internal energy evolution of each
material

d d
k_k k kmrk k
—E" — :VV = —e—-T:VV].
a’p ts o a<pts )

The above relation plays a central role in the next sections, as it is systemat-
ically employed to update the material internal energies. The corresponding
numerical scheme is presented in the next section.

3 Cell-centered Lagrangian schemes

3.1 Notations

In this section, the notations introduced in [20] are adopted. The computa-
tional domain, denoted by w(t), is discretized into a set of non-overlapping

12



polyhedral cells w, such that w(t) = |J.w.. Each polyhedron represents a
volume enclosed by polygonal faces. In the three-dimensional setting, these
faces are not necessarily planar, making the definitions of outward normals
and face areas non-trivial. Following the approach in [17], each face is sub-
divided by introducing an auxiliary point p;‘c, one per face. This construc-
tion enables to ensure the satisfaction of the Geometrical Conservation Law
(GCL) which guaranty a discrete compatibility between mass conservation
and mesh geometry. The splitting of faces introduces triangular elements
denoted t,.. For completeness, we summarize the notations used throughout
this section

- P(c) is the set of nodes p of cell ¢ without the nodes p7,

- F(c,p) is the set of faces f of cell ¢ and sharing point p,

C(p) is the set of cells ¢ sharing node p,

T (c) is the set of all the triangles ¢, resulting from the splitting of the
faces of cell c,

T (c, f) is the set of triangles ¢, resulting from the splitting of the face
f of cell ¢,

T(c, f,p) is the set of triangles ¢, resulting from the splitting of the
face f of cell ¢ and sharing point p.

Concerning the cell variables, the approach is that of a finite volume scheme.
For material physical quantities ¢* € {1/(a*p*),1/p*, ¥} related to a ma-
terial £ and a cell ¢, one defines the averaged quantities over the cell by

1
mb= [ oftan, ek= oy [ oo
We

c Jwe

1 1
Me :/ pdv, V. = / pVdv, E.= / pEdv.
We Me We me We

Defining these averaged quantities prepares for the use of Reynold’s trans-
port theorem which is used extensively in the next section.
3.2 Numerical schemes

In this section the semi-discrete multi-material Lagrangian scheme is pre-
sented. In particular, the evolution equation to update the material internal
energy equations is detailed.

13



3.2.1 Momentum and total energy equation

The numerical scheme used for the Lagrangian step is taken from [17]. Recall
that in a Lagrangian framework, the mass inside a cell is constant, i.e., the
cell mass m, remains constant. In this setting, the semi-discrete momentum
and total energy conservation equations writes

dVe
mcﬁ + Z Z SpfTeppnpy = 0,
pEP(c) fFEF (c,p)

dE,
mcg + Z Z SpfTefpVp - mpp = 0,
pEP(c) fEF(c,p)

(3)

where the index ¢ denotes that the quantity has been mass-averaged over
the cell. Additionally, the semi-discrete trajectory equation is given by

dzy

=V,
dt b

Solving this equation allows one to compute the updated cell volume. The
nodal fluxes T.y, and the nodal velocities V,, are the remaining unknowns to
be determined. To ensure a semi-discrete positive entropy production [27],
the pressure jumps are written in terms of velocity jumps as

chp -T.= [chp (‘/p - ‘/c)] @ Npg,

where Q. is a positive definite tensor. To enforce discrete momentum and
total energy conservation, the nodal velocity V), is computed by imposing a
momentum balance around the node p leading to the equation

MP‘/;’ - pr
where
M, = Z Z SpfQepp,  Bp = Z Z Spf [QeppVe — Tenyy],
ceC(p) feF(c,p) ceC(p) fEF(c,p)

and the following definition for the tensor Q.y,

Qefp = pe [af (Mpr ® Mpy) + ag (Id —nyr ® npf)] .

Here, a’ and al are the longitudinal and transverse wave speeds. Since
M, is positive definite, it is invertible, and the nodal velocity V,, can be
determined explicitly. For completeness, we finally recall the definition of
the face area vector s,rm,y

1 1
SpfMpf = 5 Z St T, + Z TStTntT )
trE€T (e, 1) teeT(e.f) - P
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and refer to [17] for its importance in enforcing the GCL condition. In this
last equation, IV}, r is the number of nodes on the face f, n;, the unit outward
normal on the triangle ¢, and the term s,sn, is called face area vector and
may be seen as the contribution of face f to the corner area vector where
the corner area vector writes n, = ) FeF(ep) SofMpf-

3.2.2 Material internal energy equations

Following the cell-centered strategy presented in [17] the GCL compatibility
gives the discrete version of the operators. In particular the discrete velocity
gradient writes

1
(VV)e=— 3 > suVp@my
© peP(c) FEF(cp)

where v, denotes the volume of cell c¢. Applying this discretisation to the
equal stress assumption equation (2), one obtains the following scheme to
update the material internal energy

d k
W T Y Y sVen, -
pEP(c) fEF(c,p)

de
O‘IS mejg_TC‘ Z Z SpfVp @ My
pEP(c) fEF (c,p)

To conclude this section, it is emphasized that, in practice, second-order
extensions are employed. The approach adopted to achieve second-order
spatial accuracy follows precisely the methodology presented in [17]. For
time integration, a direct predictor-corrector strategy is applied.

4 Multi-material remapping aspects

In this section, a multi-material face sweeping strategy is introduced. It
builds upon the 3D sweeping procedure described in [31, 20], and relies
on a compressive limiter technique [41, 34, 45]. As discussed in [21], the
compressive limiter enables to control the numerical diffusion of the volume
fraction. Let 1 be a variable defined over a collection of non-overlapping
polyhedra {c} to be remapped onto a new collection of cells denoted by
{¢}. More precisely, given 1 defined on the original cells {c}, the goal is to
compute the cell-average of 1 over ¢

wezé/(zwdv,

where Vz is the volume of the new cell ¢. In the context of multi-material
pure hydrodynamic simulations, the following quantities must be remapped:
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material masses, specific internal energies, cell volumes, and total momen-
tum. Accordingly, we set

e {afpk oF, oFpFk pv.

In the case of hypo-elastic materials, the deviatoric stress tensor must also
be remapped therefore

b€ {afpk, oF, aFphek, pv, shY,

where SF denotes the deviatoric stress tensor associated to material k. For
hyper-elastic materials, the left Cauchy-Green tensor is also included

) € {aFph, o, of e, pV, B},

where B is the left Cauchy-Green tensor for material k. These tensors
are remapped componentwise using the face-sweeping procedure. The vol-
ume Vz of the new cell ¢ is computed from the original volume V. and the
signed volumes of the swept regions during the motion of each triangle asso-
ciated with a face (triangles are obtained by splitting the cell faces). Each
swept region forms a prism, denoted Py, ,+ ,++y, where p, p*, and p*+ are
the vertices of the triangle. The corresponding swept volume is denoted
V(Pgp, pt,pt+)) and is illustrated in blue in Figure 1. The updated volume
of cell ¢ is thus given by

Ve=V.+ Z V(P{p7p+7p++}).
{p,pt,pt*+}eT(c)

The computation of the new variable 1); is then obtained using the following

relation
w~ = ! /w / (4)
& 2 j dv + i dv |,

{p,p+, p++}e7’ (p, 0T, p++}

where the second term on the right-hand side accounts for the contribution
of the swept regions. These integrals are evaluated using piecewise-linear
reconstructions as well as a standard upwind strategy

Yo+ () dv  if V('P{p’p+m++}) >0

Pio, ot pt+y

/ Yo = i

{p,pT,pT1}

Ye(x)dv if V(P{p,p+7p++}) < 0,

{p,pT,pT+}

where c and ¢ are the two neighboring cells sharing the triangle {p, p*, p**},
and ¢.(x) and 9.+ (x) are their respective reconstructions of the variable .
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++

Figure 1: Representation of the swept region in blue, starting from an old
triangle (formed by the points {p, p*, pT*}) to the new one.

Piecewise-linear reconstructions of the variables on the Lagrangian grid are
considered. In this case the reconstructed solution is expressed as

Ye(x) = Ve + (V). - (x — xc)

where 1. is the known mean value in cell ¢, and (V) denotes the gradient
of ¥ in the cell, computed using a least-squares approach. Finally, in order
to enforce monotonicity of the reconstructed solution, a standard Barth-
Jespersen slope limiter is applied [3]. In addition, a compressive limiter
technique is employed to limit the numerical diffusion of the volume fraction
between materials. This procedure is recalled in Appendix for completeness.
Finally, to enforce discrete total energy conservation, a correction is applied
to the material internal energies. This correction ensures the positivity of
the internal energies (at first order) and is also detailed in Appendix. The
complete multi-material Lagrange-remapping methodology is summarized
in the flowchart presented in Figure 2.

5 Numerical test cases

In this section, we investigate the behavior and accuracy of the overall
Lagrange-Remapping proposed method. These include both hypo-elastic
and hyper-elastic materials undergoing complex interactions, large deforma-
tions and strong discontinuities. The objective is to evaluate the method’s
robustness and accuracy. The numerical results are compared against those
obtained from the updated Lagrangian scheme, which serves as a bench-
mark. Particular attention is given to the role of the compressive limiter in
controlling numerical diffusion.
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5.1 1D Wilkins like problem (hypo-elastic test)

The first numerical test is inspired by the benchmark proposed by Wilkins
[44]. Tt consists of simulating a flying aluminum plate impacting a stationary
aluminum target. The material is modeled using a Mie-Griineisen equation
of state with parameters pg = 2785, ag = 5328, 'y = 2, and s = 1.338.
The elastic-plastic behavior is described by an incremental constitutive law
with a shear modulus p = 27.6 - 10° and a yield strength Yy = 3 - 10%. The
computational domain is defined as z € [—4 - 1072,5 - 1072] and discretized
using a structured mesh of 200 cells. At the initial time ¢ = 0, the moving
plate occupies the interval x € [~1072,5 - 107%] and is assigned a uniform
velocity of Vy = 800 in the z-direction, while the target remains at rest.
The initial pressure Py is uniform throughout the domain. Wall boundary
conditions are imposed at both the left and right boundaries. The simulation
is run until ¢ = 2.5 - 107%. For this test, the simulation is executed using a
single CPU. The computational time required for the Lagrangian simulation
is 0.69s, whereas the indirect Euler simulation requires 0.84s. Figures 3
present the density and velocity profiles along the z-axis. At the moment of
impact, left- and right-propagating shock waves develop at the flyer-target
interface. The density and velocity profiles at ¢ = 2.5 - 1079 computed on a
mesh of 200 cells are displayed, where results obtained with the Lagrangian
scheme are shown in solid red and those from the indirect Euler method
in dashed green. It is observed that both methods yield almost identical
results, with the curves nearly superimposed.

5.2 2D Taylor impact problem (hypo-elastic test)

This test case considers the impact of a two-dimensional aluminum pro-
jectile against a rigid wall [25]. It serves as the planar counterpart to the
classical Taylor impact problem with a cylindrical rod. The projectile is
initially a rectangular plate of length L = 5 and thickness H = 1. The
aluminum material is modeled using the Mie-Griineisen equation of state
with the material parameters as in the previous Wilkins-like test. The La-
grangian computational domain is defined as [z,y] € [0,5] x [-0.5,0.5], and
the projectile is initialized with a horizontal velocity V(¢ = 0) = —150. Free
boundary conditions are imposed on all boundaries except the left bound-
ary, which is treated as a rigid wall. The simulation is run until t = 5-1073.
During the impact, the projectile’s kinetic energy is fully converted into
internal energy through plastic dissipation, and the projectile’s length grad-
ually decreases, approaching a final value of approximately Lgn. = 4.62 for
the Lagrange simulation and Lgp, = 4.63 for the Euler simulation. For the
indirect Eulerian simulation, the projectile dimensions are kept identical,
but the computational domain is extended to [z,y] € [0,5.5] x [—1,1] and
initialized with a perfect gas of density, velocity, pressure, and adiabatic
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index around the solid
(0, V,p,7) = (5,0,10°,1.4).

For this test, the simulation is executed using four CPU. The computational
time required for the indirect Euler simulation is 298s. In Figures 4 and 5,
the density and pressure profiles are shown for a mesh of 220 x 80 cells at
time t = 5-1073. The top panels display the results obtained with the refer-
ence Lagrangian scheme, while the bottom panels show the results from the
Lagrange-Remap scheme (indirect Euler). Figure 6 presents the computa-
tional mesh of 220 x 80 cells used for the simulation, superimposed with the
pressure profile at time t = 5-1072. Figure 6 (bottom) also presents the con-
tour corresponding to a volume fraction of a' = 0.5, superimposed on the
final pressure distribution. It is observed that the final density and pressure
profiles are very similar to the reference Lagrangian results (the same scale is
used for both figures). As expected, the Lagrangian mesh is deformed at the
final time, whereas the indirect Eulerian mesh remains unchanged. More-
over, the diffusion of material interfaces is controlled. Here, the compressive
limiter plays a crucial role, effectively minimizing the natural smearing of
material interfaces.

5.3 1D pile driving (hyper-elastic test)

This test case is taken from [16] and simulates the propagation of a shock
wave in a one-dimensional steel pile. The pile is modeled as a parallelepiped
of length L = 10 with a unit square cross section (x,y,z) € [0,10] x
[—0.5,0.5] x [-0.5,0.5]. The boundary at z = 0 is fixed by a wall condition
enforcing zero velocity. The shock wave is generated by applying a stress
boundary condition T® at 2 = L, with the imposed value T® = T% = —5-107.
All other external faces of the pile are treated as free surfaces, such that
Tln = 0. The hyperelastic material parameters of the steel are given by
Young modulus E = 200 - 10, Poisson ratio ¥ = 0, and initial density
po = 8000. The temporal evolution of the stress at the wall is monitored up
to a final time of ¢/ = 8-1073. The shock wave reaches the wall at ¢t = 2-1073,
where the stress amplitude doubles to a maximum value of T2 = —108.
Figure 7 shows the stress T, measured at the wall using a mesh of 100 x 3 x 3
cells. For this test, the simulation is executed using a single CPU. The com-
putational time required for the Lagrangian simulation is 24s, whereas the
indirect Euler simulation requires 30s. This one-dimensional problem is run
on a three-dimensional mesh to demonstrate that no spurious 3D motion
is produced by the scheme. The numerical results obtained with the La-
grangian scheme are shown in solid red, while those from the indirect Euler
method are plotted with dashed green lines. Both methods give almost
identical results with the curves nearly superimposed.

19



5.4 3D oscillating beam (hyper-elastic test)

This test case, presented in [37] considers the oscillations of a three-dimensional
plate with geometry

(z,y,2) € [~0.03,0.03] x [—0.005,0.005] x [—0.005,0.005],

centered at the origin of the computational domain. The plate is initially
perturbed by the velocity field Vg = (0, V,(x),0) where

Vy(z) = Aw|g1 (sinh(kz) + sin(kx)) + g2 (cosh(kx) + cos(kx)) ]

Denoting the plate length by L = 0.06 and its square cross-section by
[ = 0.01, one introduces k = Q(z + L/2) and 2 = 78.834 while the other
constants are defined as

A=4.3369-1075, w=2.3597-10°, g1 = 56.6368, ¢o = 57.6455.

The plate is composed of Beryllium, modeled as a hyper-elastic material
with initial density pg = 1845, Young modulus F = 3.1827 - 10!, and
Poisson ratio v = 0.0539. Symmetry boundary conditions are imposed on
the faces normal to the z-axis, while all other faces are subject to free-
surface conditions. The oscillations of the plate are simulated up to a final
timety = 3- 10~°. For the indirect Eulerian simulation, the beam dimensions
are kept identical, but the computational domain is extended to (z,y,z) €
[—0.035,0.035] x [—0.015,0.015] x [—0.005,0.005], and filled with a perfect
gas of density, velocity, pressure, and adiabatic index

(p, V,p,7) = (5,0,10°,1.4).

In Figures 8-9 and 10-11, the density and pressure profiles are shown for a
mesh of 100x10x 10 cells for the Lagrangian simulation and 100x40x 10 cells
for the indirect Euler simulation, at times t = 8.4-107% and ¢ = 2.16-107>, re-
spectively. The top panels present the results obtained with the Lagrangian
scheme, while the middle and bottom panels display the corresponding re-
sults from the indirect Euler (Lagrange-Remap) scheme. In the bottom
panels, only the cells with density values exceeding 500 are displayed. As ex-
pected, the Lagrangian mesh exhibits a noticeable deformation of the beam
during the oscillations. Finally, the vertical displacements of the z-axis with
respect to time until final time ¢t = 3 - 1075 are displayed for the Lagrange
(red curve) and Euler (green crosses) simulations in Figure 12. For this
test, the simulation is executed using a four CPU. The computational time
required for the indirect Euler simulation is 863s. Overall, both approaches
yield very similar results in terms of density and pressure distributions, con-
firming the accuracy of the Lagrange-Remap scheme when compared to the
reference Lagrangian simulation.
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5.5 Collapse of a thick-walled cylindrical beryllium shell

This 2D test problem was originally introduced in [24]. It consists of simulat-
ing the collapse of a cylindrical beryllium shell subjected to an initial radially
inward velocity field. During the collapse, the shell’s initial kinetic energy
is progressively converted into internal energy through plastic dissipation.
The final configuration of the shell is characterized by its inner and outer
stopping radii. While this test was studied within a Lagrangian framework
in [26], the present study considers a larger cubic domain surrounding the
cylindrical shell, filled with a perfect gas. The resulting configuration defines
a multiphase problem, which is solved here using the Lagrange-Remapping
strategy described in this work. The shell is modeled using a Mie-Griineisen
equation of state with parameters

po = 1845 kg/m®,  ap=12870m/s, To=2, s=1.124.
The surrounding perfect gas is defined by the state variables
(p,V,p,7) = (5,0,10%,1.4).

The elastic-plastic behavior of the shell is described by an incremental con-
stitutive law characterized by a shear modulus p = 151.9-10° Pa and a yield
strength Yy = 330 - 106 Pa. The two-dimensional computational domain is
given by

[-0.11, 0.11] x [-0.11, 0.11].

The initial inner and outer radii of the shell are R; = 80 - 1073 m and
R, =100 - 1073 m, respectively. The domain is discretized using a uniform
Cartesian grid of 160 x 160 cells. The initial conditions are the following

r

(P07 ‘/0) = <106 Paa _% R e’r‘) )

where 1 denotes the magnitude of the initial radial velocity and r =
V22 +y? is the radial coordinate of a point with Cartesian coordinates
(z,y). For Vj = 417.1 m/s, Howell and Ball [24] reported inner and outer
stopping radii of R; = 50- 1073 m and R, = 78.1- 1073 m. In Figure 13,
the density distribution at the final time ¢ = 130 - 1076 s is shown (left),
along with the computational mesh (right). The numerically obtained stop-
ping radii are approximately R; = 511072 m and R, = 79 - 1072 m. The
simulation is executed using four CPU. The computational time required
is 429s. These results demonstrate very good agreement between the ref-
erence solution and the numerical results obtained using the indirect Euler
approach.
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5.6 Aluminium ball impact

This two-dimensional test case considers the impact of an aluminium ball
onto a rectangular aluminium target, both embedded in a surrounding in-
viscid fluid. The aluminium is modeled using a Mie-Griineisen equation of
state, while the surrounding medium is described by a perfect gas equation
of state. The computational domain [—0.005, —0.0015] x [—0.0025, 0.0025]
is discretized into 150 x 200 control volumes. The first phase, representing
the aluminium material (both the ball and the rectangular target), is defined
through the volume fraction field

L (- 20)? + (g — w0)? < B2)
al (a:,y) = or (ajmin <z < Tmax and Ymin S Y < ymax)7

0, otherwise.

For this simulation, we set R = 5-107%, 29 = —4-1073 and 39 = 0. The
aluminium is described by a Mie-Griineisen equation of state with parame-
ters pg = 2785, ag = 5328, 'y = 2, and s = 1.338. The initial density and
pressure of the aluminium are set to pg = 2785 and pg = 10°, respectively.
Its elastic-plastic response is modeled using an incremental constitutive law
with shear modulus p = 27.6 - 10° and initial yield strength Yy = 3 - 102,
The surrounding gas is initialized as a perfect gas with state variables

(p, V,p,v) = (107°,0,107°,1.4).
The initial velocity field is prescribed as

Voes, if (z—x0)* + (y — %0)* < R?,

0, otherwise,
with Vo = 103. Figure 14 displays the density field at successive times: ¢ = 0,
t=10.5107%¢=1.0107%¢=1.510"%¢=2.0-107% and t = 2.5-1075. The
simulation is executed using four CPU. The computational time required is
458s. These results show the capability of the numerical method to handle
strongly coupled multi-material interactions between a compressible solid
and a fluid. It evaluates the accuracy of interface capturing, the resolution
of shock waves generated by the impact, and the robustness of the method
in the presence of large material contrasts.

6 Conclusion

In this work, a Lagrange-Remap diffuse interface strategy has been pre-
sented for multi-material fluid-solid simulations. The deviatoric stress ten-
sor (in the case of hypo-elastic materials) and the left Cauchy-Green tensor
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(for isotropic hyper-elastic materials) are remapped componentwise using a
face-sweeping procedure. The introduction of compressive limiters signifi-
cantly mitigates the numerical smearing typically observed at the material
interfaces, enabling accurate and robust multi-material simulations. A key
advantage of the proposed approach lies in its simplicity, particularly when
applied to fluid-solid interactions. The test cases considered, involving both
solid and fluid materials, demonstrate that the Lagrange-Remap strategy
produces results in close agreement with those obtained using a reference
Lagrangian scheme. Future work will focus on extending this framework to
the ALE-AMR strategy presented in [10, 11, 7], as well as on performing
detailed comparisons with classical Volume-of-Fluid (VOF) and Moment-
of-Fluid (MOF) interface reconstruction techniques. It should be noted,
however, that the development of methods based on the MOF strategy re-
mains challenging in three dimensions.

This work is supported by the U.S. Department of Energy (DOE), Office
of Science, Fusion Energy Sciences, under Award No. DE-SC0024863: IFE-
STAR.
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A Diffuse interfaces and compressive limiters

In the present work, material interfaces are modeled as diffuse transition
regions, where different materials may numerically mix. Such methods are
commonly referred to as diffuse interface methods. These approaches have
become increasingly popular, since the artificial smearing of interfaces can
be significantly reduced by employing anti-diffusive techniques [1, 35, 36].
This appendix is devoted to an anti-diffusive strategy based on the use
of compressive limiters. When linear reconstructions are employed, overly
steep gradients may introduce non-physical extrema, leading to spurious
oscillations that threaten the stability of the numerical scheme. To prevent
this issue, a monotonicity criterion is enforced through the application of
a slope limiter, which rescales the reconstructed gradient. Specifically, the
gradient is multiplied by a scalar coefficient k. € [0,1], ensuring that the
reconstructed values remain bounded by the neighboring cell averages. The
corresponding limited reconstruction can be expressed as

" (@) = e + ke (VY), - (x — @),
with ' ‘

P < Pl () <Y @ € we, (5)
where wf:ni“ and ¥Y*** denote, respectively, the minimum and maximum
values of the scalar field ¢ within the neighborhood of cell c¢. In this work,
the neighborhood is defined using a face-based stencil around c¢. Since a

linear reconstruction is employed, the extremal values of the reconstructed
field are necessarily attained at the cell boundaries, i.e., at the cell vertices

wgm'n < ¢lczm(xp) < ¢£naa:’ T € we,

The computation of the limiting coefficient now needs to be specified. The
monotonicity criterion (5) naturally leads to the well-known Barth-Jespersen
limiter [3]. In this formulation, the limiter coefficient k. is defined as

Ke= min (Kcp),

pEP(c)
where
min (W, 1) if ﬁc(a}p) > e,
Kep = . an — ¥e . s
P min (W, 1) if 1/10(2131)) < e,
1 if ﬁc(wp) = ”¢c,
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This limiting strategy is applied to all remapped quantities except for the
material volume fraction. During the remapping step, the volume fraction
tends to diffuse, which can smear the interfaces between different materials.
Following the approach of [41], we employ a compressive limiter exclusively
for the remapping of the material volume fraction to sharpen the repre-
sentation of these discontinuities. The method consists of modifying the
Barth-Jespersen limiter to steepen the initially piecewise-constant volume
fraction field. While the original limiter enforces that the reconstruction
remains within the local extrema of neighboring cells and ensures linear
exactness through k., < 1, capturing sharp discontinuities requires a com-
pressive adjustment. In this case, the only constraint is the satisfaction of
the local maximum principle. Accordingly, following [41, 34, 45|, we re-
lax the linear-preservation requirement and redefine k., by introducing a
parameter 5 € [1,+o0[ to control the compressiveness of the limiter

min (W, ﬂ) lf d;c(wp) > Q;Z)m

Q/ZC(wP) -
Kep = . g”n — Y . i
g min (Ma 5) if Ye(xp) < Yo,
B if 7/36(5’519) = e,

In practice, the compressive limiter is set to § = 2 for all material vol-
ume fractions, while the classical limiter with 8 = 1 is applied to the other
remapped variables. The choice 8 = 2 corresponds to the maximum theo-
retical value of the compressive limiter on a Cartesian grid [41]; larger values
do not enhance its compressive effect. In fact, similar results are observed
if a higher value of 8 is used. This modification of the standard limiter
is straightforward to implement, requiring minimal adjustments, and the
remapping procedure remains identical for both pure and mixed cells.

B Enforcing total discrete energy conservation

The remapping procedure presented here guarantees that both the total
momentum and the material internal energies are updated consistently.
Remapped quantities are denoted with a tilde symbol

S =Y V) (mie) =3 (k)

However, it should be noted that, since the squared velocity V2 is not
remapped, the total kinetic energy of the domain may vary during the

remapping step
1 1(mV)?
D5 (mV?) # Z 2 me

C
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More precisely, the total kinetic energy after remapping generally differs
from the kinetic energy computed using the remapped mass and momentum.
This discrepancy has important implications, as it implies that discrete total
energy conservation is not automatically satisfied. One possible approach
is to follow the procedure proposed in [12] within the present cell-centered
framework. A straightforward strategy would be to remap the total energy
and then adjust the internal energy; however, this does not ensure that the
internal energy remains positive. A more robust alternative is to explicitly
remap the kinetic energy, defined as mV?2/2, and then compute the differ-
ence between this remapped kinetic energy and the kinetic energy derived
from the remapped mass and momentum. This difference can then be used
to correct the remapped material internal energy in each cell as follows

2
bk corrected B ki k mk (1 9 1 (',n‘/)~
(ms)é —(m5)5+ﬁz §(mV)&—§7mEC )

It can easily be shown that these revised definitions of the material internal
energies enforce discrete total energy conservation. Moreover, in the sim-
plified case of a first-order remapping, it can be proven that the correction
term remains positive [21].
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Figure 3: Density (left) and velocity (right) profiles at time ¢ = 2.5 - 1079,
computed with a mesh of 200 cells. Results obtained with the Lagrangian
scheme are shown in solid red, while those computed with the indirect Euler
method are represented by dashed green curves.
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Figure 4: Density profile obtained on a 220 x 80 cells mesh at time ¢t =
5-1073. Top: results computed with the Lagrangian scheme. Bottom:
results obtained with the Lagrange-Remap scheme (indirect Euler).
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Figure 5: Pressure profile obtained on a 220 x 80 cells mesh at time ¢t =
5-1073. Top: results computed with the Lagrangian scheme. Bottom:
results obtained with the Lagrange-Remap scheme (indirect Euler).
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Figure 6: Computational mesh of 220 x 80 cells used for the simulation,
superimposed with the pressure profile at time t = 5-1073. Top: results from
the Lagrangian scheme. Middle: results from the Lagrange-Remap scheme
(indirect Euler). Bottom: contour level of the volume fraction (a! = 0.5)
displayed on top of the pressure distribution.
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Figure 7: 1D pile driving. Stress profile T,, obtained at the wall using a
mesh of 100 cells. Results computed with the Lagrangian scheme are shown

in solid red, while those from the indirect Euler scheme are displayed with
dashed green lines.
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Figure 8: 3D oscillating beam. Density profile obtained with a mesh of

100 x 10 x 10 cells for the Lagrangian simulation and 100 x 40 x 10 cells

for the indirect Euler simulation at time ¢t = 8.4 - 107%. Results from the

Lagrangian scheme are shown in the top figure, while the middle and bottom

figures correspond to the indirect Euler (Lagrange-Remap) scheme. The

bottom figure displays only the cells where the density value exceeds 500.
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Figure 9: 3D oscillating beam. Pressure profile obtained with a mesh of
100 x 10 x 10 cells for the Lagrangian simulation and 100 x 40 x 10 cells
for the indirect Euler simulation at time ¢t = 8.4 - 107%. Results from the
Lagrangian scheme are shown in the top figure, while the middle and bottom
figures correspond to the indirect Euler (Lagrange-Remap) scheme. The
bottom figure displays the pressure profile but only in the cells where the
density value exceeds 500. 36
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Figure 10: 3D oscillating beam. Density profile obtained with a mesh of
100 x 10 x 10 cells for the Lagrangian simulation and 100 x 40 x 10 cells
for the indirect Euler simulation at time ¢ = 2.16 - 107°. Results from
the Lagrangian scheme are shown in the top figure, while the middle and
bottom figures correspond to the indirect Euler (Lagrange-Remap) scheme.
The bottom figure displays only the cells where the density value exceeds
500.
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Figure 11: 3D oscillating beam. Pressure profile obtained with a mesh of
100 x 10 x 10 cells for the Lagrangian simulation and 100 x 40 x 10 cells
for the indirect Euler simulation at time ¢t = 2.16 - 107°. Results from
the Lagrangian scheme are shown in the top figure, while the middle and
bottom figures correspond to the indirect Euler (Lagrange-Remap) scheme.
The bottom figure displays the pressure profile but only in the cells where
the density value exceeds 500.
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Figure 14: Aluminium ball impact. Density profile obtained at time ¢ = 0
(top left), t = 0.5-1076 (top middle), t = 1.0-10~° (top right), t = 1.5-1076
(bottom left), t = 2.0 - 107% (bottom middle), t = 2.5 - 1075 (bottom right)
(indirect Euler simulation).
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